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Résumé

Durant les dernieres décennies, I’importance de I’intégration des décisions opération-
nelles dans les entreprises manufacturiéres est apparue de maniére criante. La principale
raison derriere cette intégration, que ce soit au sein d’une entreprise ou a travers la chalne
d’approvisionnement, peut s’expliquer facilement grace aux bénéfices potentiels, tel un
meilleur niveau de service pour les clients, une réduction des cofits ou encore une plus
grande flexibilité. Plusieurs études se sont appuyées sur cette observation en proposant
avec succes des modeles mathématiques qui prennent en compte I'intégration des dé-
cisions opérationnelles, telles les décisions de production et de distribution. Malgré les
succes remportés par ce type de travaux, I’intégration des décisions opérationnelles au
sens large n’est pas encore poussée a son plein potentiel. L’objectif de cette these est
d’utiliser les techniques et outils de la recherche opérationnelle pour faciliter I’intégration
des décisions opérationnelles au sein d’une chaine d’approvisionnement 2 trois niveaux.
Le premier niveau est composé d’une usine de production, le second d’entrep6ts et le troi-
sieme de détaillants. Le probléme étudié dans cette these est donc un probleme intégré de
lotissement et réapprovisionnement a trois niveaux (3LSPD). La principale contribution
émane des modeles mathématiques proposés et des algorithmes développés pour la réso-
lution de différentes versions du probleéme, versions qui incluent toutes les décisions de
production et de réapprovisionnement, tout en minimisant les cofits opérationnels a tra-
vers toute la chaine d’approvisionnement. La thése est divisée en quatre projets distincts
présentés ci-apres.

Nous commengons par comparer 13 formulations de programmation mixte en nombres



entiers (PMNE) pour résoudre une version capacitaire et une version non capacitaire du
probléme. Dans la version capacitaire, les contraintes de capacité sont imposées unique-
ment au niveau de 1’usine de production. Les formulations proposées sont soit adaptées
de formulations de PMNE existantes dans le cadre du probleme one-warehouse multi-
retailer, soit nouvellement introduites dans notre contexte. Dans ce premier travail, nous
considérons que notre chaine d’approvisionnement a une structure de distribution avec
des livraisons directes entre les différents sites : les produits passent de ’usine de produc-
tion & un entrepdt avant de finalement arriver chez le détaillant. De plus, chaque détaillant
est desservi par un seul et unique entrepdt. Enfin, un seul item est pris en compte. Des
expériences numériques sont menées pour attester des performances pratiques des for-
mulations, comparativement aux performances théoriques que nous avons prouvées. Ce
premier travail sur les formulations de PMNE sert de base pour les trois autres projets que
la thése comporte.

Dans les deuxieme et troisieme projets, nous utilisons des méthodes de décomposition
pour respectivement résoudre une version capacitaire, et une version stochastique non ca-
pacitaire du 3LSPD. En effet, les résultats des expériences numériques menées dans le
cadre du premier projet ont mis en lumiere une déficience des solveurs pour résoudre
adéquatement la version capacitaire du probleme. A I’inverse, la résolution de la version
non capacitaire du probleéme est tout a fait acceptable, indiquant la possibilité de s’atta-
quer & une version plus complexe du probleme, en particulier avec ajout d’incertitude.
Pour résoudre la version capacitaire du probléme, nous utilisons une décomposition de
Dantzig-Wolfe et développons un algorithme de séparation et génération de colonnes.
Les contraintes de capacité sont imposées au niveau de 1’usine de production unique-
ment. Elles limitent les quantités qui peuvent &tre produites durant chaque période. Pour
résoudre la version stochastique non capacitaire du probléme, nous appliquons une dé-
composition de Benders. Dans ce cas, la stochasticité vient de I’incertitude entourant la
demande des détaillants. Cette incertitude est modélisée sous forme de scénarios de de-
mande dont la probabilité de réalisation est connue. Nous nous plagcons dans un contexte

de processus de décision en deux étapes, ol les décisions prises dans la premiere étape
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se retrouvent dans le probleme maitre de Benders, alors que les décisions prises dans la
deuxieme étape se retrouvent dans les sous-problémes de Benders. Les décisions prises
dans la premiere étape sont les décisions de mise en route ou de commande, alors que
les décisions prises dans la seconde étape sont les décisions relatives aux quantités pro-
duites, commandées ou gardées en stock. Pour cette version stochastique, nous étudions
également une extension du probléme en autorisant les ventes perdues. Dans ce cas, la
demande des détaillants pourrait étre partiellement satisfaite, moyennant des pénalités a
payer. Dans ces deux projets, des améliorations sont apportées aux algorithmes de base
dans le but d’accélérer le processus de résolution du probléme. Des expériences numé-
riques sont menées pour tester nos algorithmes sur de nombreuses instances. Pour ces
deux projets, nous considérons a nouveau une structure de distribution pour notre chaine
d’approvisionnement et un seul item.

Enfin, dans le quatriéme projet, nous incorporons de nombreuses contraintes supplé-
mentaires et n’imposons plus une structure de distribution dans notre chaine d’approvi-
sionnement. Pour ce dernier projet, nous reldchons donc une des hypothéses principales
du 3LSPD et ajoutons des contraintes opérationnelles. Les produits passent toujours de
I’usine aux entrepdts et des entrepdts aux détaillants, mais chaque détaillant n’est plus
rattaché & un seul et unique entrepdt. Nous considérons ici le cas o les livraisons entre
I’usine de production et les entrepdts, et entre les entrepdts et les détaillants, sont réalisées
par des camions ayant une capacité limitée. Nous prenons aussi des décisions quant aux
tournées que les camions disponibles aux entrepdts vont devoir effectuer pour réapprovi-
sionner les différents détaillants. Enfin, nous considérons plusieurs items. Nous dévelop-
pons deux méthodes heuristiques pour résoudre cette extension du probléme. Ces deux
heuristiques décomposent le probléme en plusieurs sous-problémes résolus de maniére
itérative. La premiere méthode est une approche fop-down ou les décisions de production
dictent le reste des décisions opérationnelles, soit les décisions de stockage a chaque ni-
veau et les décisions de distribution. La seconde heuristique est une approche bottom-up
oll ce sont cette fois les décisions de distribution aupres des détaillants qui dictent le reste

des décisions opérationnelles a prendre. De plus, nous analysons les possibilités offertes
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par le fait de scinder les livraisons aux détaillants. La demande des détaillants de chaque
période peut ainsi étre livrée de plusieurs fagons : en une période par un camion, en une
période par plusieurs camions, en plusieurs périodes par un camion, ou en plusieurs pé-
riodes par plusieurs camions. Pour valider les résultats obtenus par ces heuristiques, nous
avons également développé un algorithme de séparation et coupes donnant ainsi des indi-

cations quant au cofit minimal des plans intégrés.
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Abstract

Over the last decades, the value of integrating operational decisions has become ob-
vious to manufacturing companies. The main reason behind this integration, whether it
is within a company or across a supply chain, can be easily explained by the potential
benefits, such as cost reduction, increased flexibility or a higher customer service level.
Several studies have built on this observation and successfully proposed mathematical
models that take into account the integration of operational decisions, such as the produc-
tion and distribution decisions. Despite these success stories, the integration of operational
decisions at a broader level is still not fully exploited. The objective of this thesis is to use
operations research techniques to optimize the integration of operational decisions within
a supply chain with three levels and a distribution structure. The first, second and third
level comprise a unique production plant, several warehouses and several retailers, res-
pectively. The problem under study is therefore an integrated three-level lot sizing and
replenishment problem (3LSPD). The main contributions lie in the mathematical models
proposed along with the efficient algorithms developed to solve different versions of the
problem, all of which integrate the production and replenishment decisions, while mini-
mizing the operational costs across the supply chain. The thesis is split into four projects
as follows.

We first compare 13 different mixed integer programming (MIP) formulations to solve
a capacitated version and an uncapacitated version of the problem. In the capacitated ver-
sion, we impose production capacity constraints at the plant level. The proposed formu-

lations are adapted from existing MIP formulations found in the one-warehouse multi-
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retailer literature, or are newly introduced in our context. In this work, the supply chain
considered has a distribution structure where there are direct shipments between the dif-
ferent facilities : the products go from the production plant to the warehouses, and finally
to the retailers. We further consider that each retailer is served by a unique warehouse. We
finally consider one unique item. We perform numerical experiments to assess the com-
putational performance of the proposed formulations. This computational performance is
compared to the theoretical performance obtained through the comparison of the linear
relaxations. The work on MIP formulations is used as a basis for the three other projects
this thesis comprises.

In the second and third project, we apply decomposition methods to solve a deter-
ministic capacitated and a stochastic uncapacitated version of the 3LSPD, respectively.
Indeed, the results of the numerical experiments performed in the first project show the
poor performance of the solver to solve capacitated instances. On the contrary, solving
the uncapacitated version was very efficient, indicating the possibility to tackle a more
complex variant of the problem, in particuler with demand uncertainty. To solve the de-
terministic capacitated version of the problem, we apply a Dantizg-Wolfe decomposition
and develop a branch-and-price algorithm. The capacity requirements are imposed at the
production plant level only, and limit the quantities produced in each time period. To solve
the stochastic uncapacitated version of the problem, we apply a Benders decomposition.
In that case, stochasticity comes from uncertainty in the demand at the retailer level and
is modelled through demand scenarios with a known realization probability. We further
consider a two-stage decision process, where the first stage decisions, which are the setup
decisions, are made in the master problem and the second stage decisions, which are the
production, replenishment and inventory level decisions, are made in the different sub-
problems. For this stochastic version, we also study an extension with lost sales. In such a
case, the demand of the retailers may not be entirely satisfied, but this is penalized in the
objective function. We finally develop a Benders-based branch-and-cut algorithm to effi-
ciently solve the problem. For those two projects, we once again consider a distribution

structure for the supply chain and a unique item. Several computational enhancements are
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proposed to speed up both the branch-and-price and the branch-and-cut algorithms, and
the proposed algorithms are tested on numerous instances.

Finally, in the fourth project, we add practical constraints and relax the assumption that
our supply chain has a distribution structure. For this last project, we relax the main hypo-
thesis of the 3LSPD and add operational constraints. The products still go from the plant
to the warehouses, and finally to the retailers, but each retailer is not linked to a unique
warehouse anymore. We consider that shipments between the plant and the warehouses,
and between the warehouses and the retailers are performed by capacitated trucks. In this
case, we also need to decide on the routes that the trucks available at the warehouses
will follow, i.e., which retailers will be visited by each vehicle. We further consider a
multi-item setting. We develop two heuristics to solve this version of the problem. The
two heuristics decompose the whole problem in different subproblems that are iteratively
solved. The first heuristic uses a top-down approach where the production decisions lead
the rest of the operational decisions, i.e., the inventory and distribution decisions. The se-
cond heuristic uses a bottom-up approach where the distribution decisions at the retailer
level lead the rest of the operational decisions. We additionally explore the possibility to
have demand or delivery splitting. Demand splitting means that the demand of a retailer
in a specific time period can be shipped over several periods. Delivery splitting means
that the demand of a retailer in a specific time period can be shipped using several trucks.
In this project, we compare the performance of the heuristics to the results obtained by a

branch-and-cut algorithm that we also develop.
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Chapitre 1
Introduction

Dans les dernieres décennies, de nombreux chercheurs ont porté leur attention sur les
problémes de planification de production. Dans la littérature, le probléme de planification
de production le plus simple est le probleme de lotissement pour un item. Ce probleme de
lotissement de base consiste a déterminer, pour chaque période d’un horizon de temps fini
et discret, la taille des lots a produire dans le but de satisfaire une demande dynamique,
tout en minimisant les cofits de mise en route et de stockage. Ce probléme de lotissement
de base, connu dans la littérature sous le nom de single-item uncapacitated lot sizing
problem (SI-ULSP), se retrouve dans de nombreuses problématiques relatives & la gestion

de production, de stocks ou encore de distribution.

Dans le contexte de la planification pour la chaine d’approvisionnement, on retrouve
également de nombreuses extensions du probleme de lotissement de base. Traditionnel-
lement, les clients d’une entreprise, dont on cherche a satisfaire la demande pour un ou
plusieurs produits, sont situés dans une zone géographique qui differe de celle de I'usine
de production, 12 olt les produits sont réellements fabriqués et ol les décisions de lotisse-
ment sont prises. Cela méne tout naturellement & un probléme de réapprovisionnement ou
I’entreprise doit décider du moment opportun pour réapprovisionner ses clients, entrepdts
et sites intermédiaires éventuels, dans le but de minimiser ses cofits opérationnels totaux

(cofits de stockage, cofits de mise en route, cofits de commande et cofits de transport). Les



entreprises qui font face a cette situation prennent souvent leurs décisions en série : soit
les décisions de réapprovisionnement sont dictées par les décisions de production, soit
les décisions de production sont dictées par les décisions de réapprovisionnement. Mal-
heureusement, cela débouche sur des solutions, c’est-a-dire, des plans de production et
de réapprovisionnement, dont les cofits peuvent &tre relativement éloignés des cofits des
solutions optimales d’un probleme intégré de lotissement et de réapprovisionnement.

Pourtant, les bénéfices de I’intégration des décisions opérationnelles ne sont pas chose
nouvelle, comme mentionné il y a plus de 25 ans déja par Chandra et Fisher (1994). Ils
prouvent qu’une coordination des plans de production et de distribution peut déboucher
sur des réductions allant de 3 & 20% des cofits opérationnels. Dans un méme ordre d’id€e,
les cas de Kellogg et Frito-Lay, respectivement reportés par Brown et collab. (2001) et
Cetinkaya et collab. (2009), sont deux histoires a succes relatives a I’intégration des déci-
sions opérationnelles. Ces deux entreprises intégrent leurs décisions de production et de
distribution vers leurs clients, rapportant ainsi des économies de plusieurs millions de dol-
lars. En ce qui concerne les bénéfices li€s a I’intégration des décisions opérationnelles, on
recense aussi des améliorations en termes de niveau de service (Gopal et Cypress, 1993),
d’amélioration de la performance organisationnelle (Vickery et collab., 2003) ou encore
un plus grand avantage compétitif (Li et collab., 2006; Flynn et collab., 2010).

Malgré tous ces bénéfices potentiels, 1’intégration des décisions opérationnelles reste
un défi pour les entreprises manufacturieres, tant sur le papier que sur le terrain. D’un
point de vue pratique, 1’intégration des décisions opérationnelles d’une entreprise est un
défi puisque cela implique la destruction de la culture de silo qui existe encore parfois,
ainsi que rapporté par Normandin (2016). Cela sous-entend également une meilleure com-
munication entre les différents acteurs de la chaine d’approvisionnement, qui peuvent etre
réticents 2 I’idée de partager des informations avec des entreprises externes, méme par-
tenaires. Sur le papier, du point de vue de la recherche opérationnelle, I’intégration des
décisions opérationnelles rend les problemes intégrés de planification de production et

de distribution plus difficiles a résoudre. On assiste alors au développement de méthodes



heuristiques pour résoudre ces probleémes, comme c’est le cas dans les travaux de Darvish
et Coelho (2018), par exemple.

Dans les derniéres décennies, deux principaux problémes intégrant des décisions opé-
rationnelles ont vu le jour, soit le probléme de production et tournées de véhicules (pro-
duction routing problem, PRP) et le probleme de gestion des stocks et de tournées de vé-
hicules (inventory routing problem, IRP). Dans le PRP, une usine (ou dépdt) produit des
items et réapprovisionne ensuite plusieurs clients sur un horizon temporel fini et discret.
Le réapprovisionnement aupres des différents clients est réalisé€ par des véhicules suivant
des tournées définies & la suite de 1’ optimisation intégrée des décisions de production et de
réapprovisionnement. Ce probleéme a été introduit dans la littérature par Chandra (1993).
Dans le cadre de I’IRP, un entrepdt est responsable du réapprovisionnement de plusieurs
clients, également via des tournées de véhicules. Ici, il n’y a pas de décisions a prendre
quant a la production des biens dont on suppose la disponibilité au niveau de I’entrepOt.
Dans I'IRP, I’intégration est au niveau des décisions de stockage et de distribution. Ce
probleéme est apparu pour la premiére fois dans Bell et collab. (1983) dans le cas d’un
probléme de livraison de gaz industriels.

Dans le PRP comme dans I'IRP, seulement deux niveaux de la chaine d’approvision-
nement sont pris en compte. Dans le PRP I’usine et les clients sont pris en compte, alors
que dans I'TRP ce sont I’entrep6t et les clients qui sont pris en compte. Or, avec la mondia-
lisation grandissante des opérations et avec la complexification des structures des chaines
d’approvisionnement, il y a un besoin pour un cadre plus général qui incluerait plusieurs
niveaux de la chaine d’approvisionnement, et qui couvrirait ainsi I’ensemble des décisions
opérationnelles des entreprises manufacturieres.

L objectif de cette these est, in fine, de développer des modeles mathématiques et des
algorithmes de résolution pour atteindre 1’intégration des décisions opérationnelles dans
une chaine d’approvisionnement a trois niveaux. Dans les modeles et algorithmes, 1’ob-
jectif est la minimisation des cofits opérationnels (cofits de mise en route, cofit de com-

mande, cofits de stockage et cofits de transport). La chaine d’approvisionnement consi-



dérée comporte une usine de production (niveau zéro), plusieurs entrepdts (niveau un), et
plusieurs détaillants (niveau deux). Les détaillants ont chacun une demande dynamique
pour un ou plusieurs produits pour chacune des périodes de I’horizon de temps discret
considéré. Le fait de ne prendre en compte qu’une seule usine de production est cohérent
avec les pratiques de I’industrie pour les entreprises qui cherchent a améliorer leur effi-
cacité opérationnelle par le développement de politiques multi-sites, voir Martel et Klibi
(2016). Ces politiques font en sorte que les usines de production d’une entreprise sont
spécialisées dans la production d’une famille de produits, amenant ainsi ladite efficacité
opérationnelle, mais aussi des économies d’échelle.

La chaine d’approvisionnement considérée dans cette these a une structure semblable
a une structure de distribution : les entrepdts sont tous reliés a [’unique usine de produc-
tion et les détaillants sont reliés aux entrepOts. La figure 1.1 illustre le flux des produits
dans un tel réseau de distribution. Dans les trois premiers travaux de cette these, on consi-
derera de plus que chaque détaillant est relié 4 un unique entrep6t. Dans ce cas, on a une
structure de distribution telle que définie par Pochet et Wolsey (2006). La figure 1.2 re-
présente le flux des produits dans une telle chaine, quand chaque détaillant est reli€ a un
unique entrep6t. La structure de distribution est utilisée comme hypothése de base dans
les travaux de cette these. Ainsi, nous appelons le probleme étudié dans le cadre de cette
these le probleme de lotissement et réapprovisionnement a trois niveaux avec structure
de distribution (3LSPD). L’objectif du 3LSPD est de déterminer, pour chaque période
de temps, les flux des produits a transférer entre les différents sites tout en cherchant a
minimiser les cofits opérationnels.

Dans cette thése, nous voulons effectuer une étude approfondie du 3LSPD. Pour ce
faire, nous avons dans un premier temps développé de nombreux modeles mathématiques
pour modéliser le probleme. Dans un second temps, nous avons développé différents al-
gorithmes capables de résoudre exactement des versions capacitaires et stochastique non
capacitaire du probleme. Pour ces algorithmes, on recherche Iefficacité : les temps de

résolution doivent &tre suffisemment petits pour &tre utilisables en pratique. Enfin, dans
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un troisiéme temps, nous proposons deux heuristiques pour résoudre une version du pro-
bleme qui comprend plusieurs contraintes opérationnelles supplémentaires, telles des ca-
pacités de production et transport. Dans ce dernier projet, on consideére €galement que
les livraisons entre les entrep6ts et les détaillants ne sont plus effectuées par du transport
direct, mais plutdt via des tournées de véhicules. Nous relachons également I’hypothése
d’une structure de distribution, permettant ainsi a chaque détaillant d’étre réapprovisionné
par n’importe quel entrepdt. Sion a pu trouver plusieurs cas industriels dans la littérature,
il n’existe par contre pas de cadre général disponible pour I’étude du 3LSPD.

Le 3LSPD étudié est une extension du one-warehouse multi-retailer problem (OWMR).
Dans ’'OWMR, un entrepdt central réapprovisionne plusieurs détaillants ayant une de-
mande dynamique pour un ou plusieurs produits & chaque période de 1’horizon de temps
considéré. L’objectif de TOWMR est de déterminer les quantités qui seront livrées a
chaque période aux différents détaillants dans le but de minimiser les cofits de mise en
route et de stockage pour le systeme au complet. Arkin et collab. (1989) ont montré que
ce probléme est NP-difficile. Il apparait également comme un sous probléme dans le PRP,
voir Adulyasak et collab. (2015). Contrairement au PRP et a I'IRP, il n’y a pas de tournées
de véhicules dans I’OWMR. Le 3LSPD est une extension de ’OWMR dans la mesure ol
on garde une structure de distribution.

Dans le reste de ce chapitre, nous allons effectuer une revue de la littérature reliée a
notre probleéme et donnerons plus de détails quant aux différents projets qui constituent

cette these.

1.1 Revue de la littérature

Cette section passe en revue la littérature reliée aux travaux de recherche effectués
dans cette these. En particulier, elle passe au travers des principaux cas industriels qui
font état de bénéfices grace a ’intégration des décisions opérationnelles, des études sur
IPOWMR, des études qui ont une structure de chaine d’approvisionnement similaire a la

notre, et enfin, au travers des principales études sur les problemes de lotissement multi-
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niveaux.

1.1.1 Cas industriels

Grace aux bénéfices de I'intégration identifiés plus haut, il est possible de trouver plu-
sieurs histoires a succes quant a ’intégration des décisions opérationnelles au sein de la
chaine d’approvisionnement. Haq et collab. (1991) utilisent un solveur pour résoudre un
cas industriel de fabrication d’urée. Ils proposent un modele de programmation mixte en
nombres entiers (PMNE) qui contient un délai de transport et autorise les commandes en
souffrance. Ces possibilités de commandes en souffrance sont néanmoins mises de c6té
dans les expériences numériques. Dhaenens-Flipo et Finke (2001) étudient le cas d’une
entreprise de métallurgie qui a des usines opérant tant en Europe qu’en Amérique du Nord.
Dans cette étude, les cofits de transport et de production sont reliés, ce qui débouche natu-
rellement sur un probléme intégré ol I’objectif est de minimiser les cofits opérationnels.
Les auteurs développent un modele mathématique résolu en faisant appel a un solveur.
Des instances de taille réalistes sont résolues en un court temps de calcul. Leur modele a
par la suite été incoporé dans I’outil d’aide & la décision de I’entreprise. Kopanos et collab.
(2012) s’attaquent au cas d’une entreprise grecque d’agro-alimentaire. Ils considerent la
disponibilité de différents modes de transport et associent un cofit fixe par véhicule utilisé
pour effectuer les livraisons entre les différentes sites de la chaine d”approvisionnement.
Les auteurs proposent un modele de PMNE pour cette extension et le résolvent en faisant
appel & un solveur. Ils proposent finalement d’étendre leur modele au cas avec plusieurs
usines de production. Dans un autre domaine, Bouchard et collab. (2017) proposent un
modele intégré pour planifier ’ensemble des décisions opérationnelles présentes dans la
chaine de valeur de I’industrie forestiere (récolte, culture, maintenance, production et dis-
tribution). Les auteurs proposent de décomposer le probléme en une partie stratégique et
une partie tactique qui échangent des informations pour planifier les opérations sur un ho-
rizon de 150 ans. Les relations entre les parties stratégiques et tactiques sont formalisées

dans un algorithme de génération de colonnes utilisé pour résoudre le probléme intégré.
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Les auteurs rapportent une augmentation de profit de 13% gréce & leur approche intégrée
comparativermnent a une approche séquentielle. Zhang et Song (2018) étudient le cas de
Danone Waters en Chine, avec une chaine d’approvisionnement qui comporte plusieurs
usines, centres de distribution et entrepdts plus locaux. Ils développent un outil d’aide &
la décision fondé sur la programmation mathématique pour aider les gestionnaires dans
leurs processus de production et distribution. Des économies minimales de 3.5% par an
sont rapportées grace & I’intégration de ces deux problemes.

Les cas industriels ont également été attaqués via des heuristiques. Blumenfeld et col-
lab. (1987) étudient le cas de General Motors. Au moment de I’étude, General Motors a
un vaste réseau avec des milliers de fournisseurs, une centaine d’usines d’assemblage et
des milliers de détaillants. Les auteurs proposent d’attaquer le probléme en fixant la taille
des lots livrés entre les usines "Delco”, qui fabriquent des composants automobiles élec-
troniques, et les usines d’assemblage de General Motors. Cette taille est obtenue comme
étant la quantité économique & commander, voir Harris (1990). Avec cette approxima-
tion sur les flux entre les différents sites, les auteurs décomposent le probléme global en
plusieurs sous-problemes faciles a résoudre. Les résultats obtenus par leur approche in-
diquent une réduction des cofits opérationnels de 26%. Ozdamar et Yazgac (1999) étudient
le cas d’une entreprise de détergents en Turquie et proposent de planifier la production et
la distribution sur une année. Ils imposent des contraintes de capacité de transport et pro-
posent deux modeles de PMNE : un agrégé et un non agrégé. Dans le modele agrégé I’ho-
rizon de temps considéré est I’année et chaque période de temps représente deux mois. De
plus, les produits sont regroupés en famille. Dans le modele désagrégé I’horizon de temps
considéré est de deux mois et chaque période de temps représente une semaine. Dans
ce modele désagrégé, chaque produit est considéré individuellement. Dans leur modele
désagrégé, les auteurs considerent un horizon roulant pour planifier I’année au complet
par tranches de deux mois. Ils développent une heuristique fondée sur une approche hié-
rarchique itérative. Cette approche part du plan obtenu via le modele agrégé pour ensuite
définir un plan détaillé de production via le modele désagrégé. Les auteurs indiquent que

les plans de production et distribution obtenus par cette approche sont au plus 4% plus
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coliteux que dés plans entierement optimisés et intégrés. Lejeune (2006) considere un
3LSPD avec des cofits de transport fixes et variables. La partie fixe vient de I"utilisation
de chaque véhicule alors que la partie variable vient de la quantité transportée. L’ auteur
impose également des restrictions sur la capacité de transport et prend en compte la dis-
ponibilité des transporteurs. La méthode heuristique proposée combine les techniques de
séparation et évaluation et de recherche a voisinage variable. Des expériences numériques
sont réalisées a partir des données d’une entreprise américaine de produits chimiques. Les
résultats indiqués montrent que la méthode heuristique dépasse les performances du sol-
veur CPLEX. Dans un contexte de chaine d’approvisionnement de I’industrie forestiere,
Sanei Bajgiran et collab. (2016) proposent un modele de PMNE qui intégre des décisions
de récolte, achat, production, distribution et vente. En raison de la taille des données, le
modele est toutefois inutilisable en pratique pour étre résolu directement par un solveur.
Une heuristique fondée sur la relaxation lagrangienne est alors proposée par les auteurs.
Ils comparent ensuite leur approche intégrée a une approche séquentielle et rapportent des
économies allant de 11 & 84%. Plus récemment, Abdullah et collab. (2019) étudient le cas
d’une entreprise pétrochimique qui a une chaine d’approvisionnement & quatre niveaux.
Dans cette étude, I’intégration prend en compte les décisions de lotissement, ordonnance-
ment, transport et entreposage, décisions qui apparaissent aux quatre niveaux de la chaine
d’approvisionnement. Les auteurs développent une méthode heuristique en trois étapes
pour résoudre le probléme. Leur méthode est en mesure de trouver des solutions de bonne

qualité dans un court laps de temps.

1.1.2 DPOWMR

Le 3LSPD étudié dans cette these est une généralisation de ’OWMR 2 trois niveaux.
Ces deux probleémes ont chacun une structure de distribution et on y retrouve des déci-
sions similaires concernant la production, le stockage et le réapprovisionnement. Cha-
cune de ces décisions doit &tre prise a chaque période de temps pour satisfaire la demande

des détaillants. La principale différence entre notre probléme et ’'OWMR est le fait que
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I’OWMR ne prend en compte que deux niveaux dans sa structure de distribution, soient
les détaillants et ’entrepdt central.

La version de base de 'OWMR est un probléme NP-difficile comme I’ont prouvé
Arkin et collab. (1989). Par conséquent, de nombreuses méthodes heuristiques ont été dé-
veloppées pour résoudre la version basique de I’OWMR ainsi que plusieurs extensions.
C’est le cas de Federgruen et Tzur (1999) qui proposent une heuristique fondée sur une
partition de 1’horizon temporel. Les périodes de temps initialement considérées sont dé-
coupées en sous-intervalles de plus courte durée. Des contraintes sont ajoutées aux bornes
de chaque sous-intervalle pour lier lesdits sous-intervalles entre eux. Une relaxation la-
grangienne est également utilisée pour obtenir des bornes inférieures sur la valeur de la
fonction objectif. L heuristique se décompose en quatre étapes : définition des intervalles,
ajout des contraintes aux bornes des intervalles, résolution des problémes sur chaque in-
tervalle et construction d’une solution réalisable qui minimise les cofits variables tout en
maintenant les décisions reliées aux cofits fixes. Ils consideérent des cofits de transport fixes
et unitaires. Des expériences numériques sont réalisées pour analyser la performance de
leur heuristique. Levi et collab. (2008) proposent quant & eux une méthode heuristique
avec un rapport maximal de 1,8 entre la solution proposée par la méthode heuristique
et la solution optimale. Les auteurs utilisent la relaxation linéaire de la formulation en
transport de ’OWMR (voir la Section 2.3). Les solutions entiéres sont obtenues a par-
tir d’arrondis de la solution fractionnaire courante. Enfin, Chen et Li (2011) développent
une heuristique pour résoudre un OWMR de base. Ils travaillent séparément sur des pro-
blemes de planification de production et de distribution. Ces deux probleémes €échangent
des informations de maniere itérative jusqu’a ce qu’un critére d’arrét prédéfini soit atteint.

Certains articles considerent des structures de cofit spécifiques, toujours dans le contexte
de ’OWMR de base. C’est le cas de Yang et collab. (2012) qui développent un algorithme
génétique. Dans cet article, les auteurs optent pour une structure de colit all-units discount.
Dans cette structure de cofits, le prix unitaire au niveau des détaillants est réduit des que

la quantité commandée a I’entrepdt dépasse un certain seuil. L’algorithme génétique uti-
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lise un croisement a un point et la mutation est réalisée via une inversion aléatoire. Les
expériences numériques réalisées prouvent la bonne performance de leur algorithme gé-
nétique. Plus récemment, Gayon et collab. (2017) ont proposé un algorithme avec un ratio
maximal de 2 entre la solution retournée par leur algorithme et la solution optimale. Leur
méthode procede en deux phases distinctes. Dans un premier temps, ’OWMR est décom-
posé en plusieurs problémes a un niveau. Dans un second temps, les solutions obtenues
sur ces problémes sont combinées pour construire une solution réalisable pour I’OWMR
initial. Dans le cas ol les cofits suivent une structure non spéculative, la complexité de
leur algorithme est de O(|R||T’|), ol R représente ’ensemble des détaillants et T repré-
sente I’ensemble des périodes de temps. La structure de cofit dite non-spéculative signifie
qu’il est bénéfique d’effectuer la production le plus tard possible étant donné un plan de
mise en route. IIs étendent par la suite leur algorithme au cas ol on ajoute une capacité de
transport. Dans ce cas, les cofits suivent des structures dites de chargement complet (ful!
truck-load, FTL) et de chargement partiel (less than truck-load, LTL). Ces structures in-
corporent toutes deux des colts fixes sans égard a la quantité transportée. Dans le cas de la
structure FTL, chaque camion utilisé entraine le méme cofit fixe alors qu’avec la structure
LTL, seuls les camions utilisés a pleine capacité entrainent un cofit fixe. Un cofit variable
en fonction de la quantité transportée est ajouté pour les camions dont le chargement n’est
pas €gal & la capacité de transport.

Plusieurs articles incorporent des éléments additionnels 8 ’OWMR de base. C’est le
cas de Chand et collab. (2007) qui ajoutent des possibilités de commandes en souffrance
dans le cas de ’'OWMR. Les commandes en souffrance sont calculées comme étant la
somme de toutes les commandes non satisfaites a temps, pour une période donnée. Des
cofits de transports unitaires sont considérés et, a partir de la structure des solutions au pro-
bleme de lotissement sans capacité & un item, les auteurs développent un algorithme de
programmation dynamique ayant une complexité de O(|R||T|?). Ici encore, R représente
I’ensemble des détaillants et 7' représente I’ensemble des périodes de temps. Initialement,
les auteurs empéchent les détaillants de conserver un inventaire d’une période a I’autre.

Cette contrainte est par la suite enlevée. Pour autant, la complexité de I’algorithme de
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programmation dynamique reste la méme. Monthatipkul et Yenradee (2008) ajoutent une
variable de décision pour la prise en compte de stocks de sécurité. Ils imposent des cofits
de transport fixes et unitaires et considérent un environnement stochastique. En raison de
cet environnement incertain, une contrainte de niveau de service est ajoutée. Le niveau de
service utilisé est le fill rate, qui impose le fait qu'une certainte proportion de la demande
soit satisfaite a temps. Le modele de PMNE qu’ils proposent est comparé a une politique
(R, s, S). Dans cette politique, un réapprovisionnement est effectué toutes les s périodes
ou quand le niveau de stock atteint le point de commande R. La quantité commandée
dans les deux cas est alors S. Les résultats des expériences numériques indiquent que le
modele de PMNE est plus adapté au probleme. Toujours dans un contexte stochastique,
Meng et collab. (2014) utilisent des regles de décision linéaires pour approximer les stra-
tégies optimales de réapprovisionnement des détaillants. Les auteurs prennent en compte
un scénario oll chaque détaillant est indépendant des autres et un second scénario ol tous
les détaillants travaillent de concert pour obtenir une livraison gratuite. Cette gratuité€ est
obtenue seulement si la commande totale est supérieure & un certain seuil prédéterminé.
Les expériences numériques montrent que les détaillants joignent leurs commandes pour
bénéficier de cette gratuité. Une analyse de sensibilité est ensuite menée sur le seuil de
gratuité. Solyali et collab. (2010) incluent une politique ou le niveau d’inventaire doit
atteindre un certain niveau cible dés qu’une commande est passée par un détaillant. IIs
proposent une formulation dont la relaxation linéaire est proche du cofit de la solution op-
timale. Des expériences numériques sont réalisées avec un ou plusieurs détaillants, et avec
ou sans stock initial. Enfin, Li et Hai (2019) incorporent des cofits relatifs aux émissions
de carbone induites par les activités de transport, réapprovisionnement et stockage. Les
auteurs obtiennent une politique de réapprovisionnement en considérant les intervalles de
réapprovisionnement comme étant les seules et uniques variables de décisions. Ils com-
parent ensuite leur solution respectueuse de 1’environnement a une solution sans cofits

reli€s aux émissions de carbone.
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1.1.3 Revue de la littérature sur le 3LSPD

Dans la littérature sur les problemes de lotissement a trois niveaux, il est possible de
rencontrer une grande variété de structures au niveau des chaines d’approvisionnement.
Cette variété est due tant a la diversité des sites qui constituent chacun des trois niveaux de
la chaine qu’a la diversité des décisions opérationnelles. Malgré tout, la littérature sur les
problémes de lotissement & trois niveaux ayant la méme structure de distribution que la
ndtre est peu fournie, et encore plus si on exclut les cas industriels (voir la section 1.1.1).
Nous avons seulement été en mesure de trouver quelques articles qui s’attaquent tous a des
extensions du 3LSPD considéré dans cette these. Gebennini et collab. (2009) proposent
une heuristique pour résoudre le 3LSPD avec ajout de stocks de sécurité, ajout de dates bu-
toires pour les livraisons aux détaillants, et ajout d’une possibilité d’avoir des commandes
en souffrance. Le modele intial proposé est non linéaire a cause de la structure des cofits
associés au stock de sécurité. Pour remédier 2 cela, la fonction objectif est approximée par
une fonction linéaire. Les auteurs développent finalement une procédure pour obtenir une
solution réalisable au probleéme. Ben Mohamed et collab. (2020) s’attaquent aussi & un
probleéme de lotissement a trois niveaux mais avec une structure générale pour leur chaine
d’approvisionnement. Ils ajoutent également une décision quant aux entrepdts qui doivent
étre ouverts (niveau un de la chaine d’approvisionnement), et incluent un temps d’attente
avant que les plateformes de distribution ne puissent réellement traiter les commandes des
consommateurs finaux. Ils incluent finalement de 1’incertitude autour de la demande des
clients via un arbre de scénarios. Le probleéme obtenu est résolu par un processus en deux
étapes qui repose sur une approximation du probléme multi étapes auquel ils font face en

réalité.

1.1.4 Lotissement multi-niveaux

Dans cette section nous passons en revue les travaux reliés aux problemes de lotisse-
ment multi-niveaux. Dans les problémes de lotissement multi-niveaux, la production d’un

ou de plusieurs produits finaux découle de la production d’un ou de plusieurs compo-
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sants présents dans la nomenclature des produits finaux. Dans Pochet et Wolsey (2006),
on retrouve quatre structures de produit : assemblage, olt chaque composant a un unique
successeur; en série, olt chaque composant a un unique prédecesseur et successeur; dis-
tribution, olt chaque composant a un unique prédecesseur; et générale. Ce probléme a
principalement été abordé par le développement de méthodes heuristiques en raison de
sa difficulté. Dans le cadre de cette thé&se, nous traitons un cas particulier du probleme de
lotissement multi-niveaux avec structure de distribution au sens défini par Pochet et Wol-
sey (2006). Dans le cas ol chaque détaillant n’est plus relié a un unique entrepdt, nous
traitons un cas particulier du probléme général de lotissement multi-niveaux.

Maes et collab. (1991) s’attaquent a un probléme de lotissement multi-niveaux avec
contraintes de capacité. Les capacités sont sur les quantités disponibles pour chacun des
composants de la nomenclature des produits finaux. Les auteurs proposent une heuris-
tique fondée sur la relaxation linéaire du probleme. Ils prennent comme point de départ
la solution de la relaxation linéaire et utilisent des informations venant de la structure du
probléme pour arrondir les variables entieres. Grace a leur méthode, ils sont en mesure de
résoudre a I’optimalité des petites instances du probleme. Tempelmeier et Helber (1994)
proposent une heuristique générale pour le méme probléme que Maes et collab. (1991).
Leur heuristique procede 2 la résolution d’une série de probleémes de lotissement avec
contrainte de capacité en utilisant une version modifiée de I’heuristique de Dixon-Silver
(voir, Dixon et Silver, 1981). Ils proposent quatre versions de leur heuristique générale.
Les différences émanent de 1’ordre dans lequel les niveaux sont considérés. Plus tard,
Sahling et collab. (2009) ont proposé une heuristique dite fix and optimize pour résoudre
un probléme similaire. La différence vient du fait que les mises en route peuvent étre utili-
sées sur plusieurs périodes consécutives et n’ont pas a étre recommencées 8’1l n’y a pas de
changement de production de produit. L’idée principale de leur heuristique est de résoudre
de maniére séquentielle une série de petits probleémes de PMNE et d’utiliser les solutions
obtenues pour fixer & une certaine valeur une grande proportion des variables entieres. Des
itérations ont lieu par la suite jusqu’a I’obtention d’une solution réalisable. Chen (2015)

utilise également une heuristique dite fix and optimize pour résoudre un probléme de lotis-
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sement a plusieurs niveaux avec contraintes de capacité de production. L’ auteur distingue
une version ol les mises en routes doivent étre réalisées a chaque période de production,
et une version ol les mises en route peuvent étre utiles pour plusieurs périodes. Dans
le cas ol les mises en route doivent &tre réalisées a chaque période de production, une
recherche a voisinage variable est utilisée.

Plusieurs extensions du probléme de lotissement multi-niveaux ont également été étu-
diées dans la littérature. Billington et collab. (1986) traitent le cas d’un probleme de lotis-
sement multi-niveaux avec un goulot d’étranglement a un certain niveau. Ils développent
un algorithme de séparation et évaluation avec des heuristiques incorporées dans I’algo-
rithme de séparation et évaluation. Les heuristiques, fondées sur des relaxations lagran-
giennes, permettent d’obtenir les quantités & produire pour chaque item, a chaque noeud
de I’arbre de recherche. Ces plans de production sont évalués selon des cofits artificiels qui
découragent la production réelle au niveau du goulot d’étranglement pour les périodes de
temps ayant une sur-utilisation de capacité. Plusieurs itérations sont ainsi réalisées pour
obtenir un plan de production satisfaisant. Diaby et Martel (1993) incorporent des délais
de production et des rabais en fonction des quantités produites. Pour résoudre leur pro-
bleme, les auteurs utilisent aussi un algorithme de séparation et évaluation fondé sur la
relaxation lagrangienne. Dans cette procédure, les contraintes liant les quantités recues et
les quantités produites sont relachées. Ils obtiennent ainsi deux sous-problémes dont ils
prouvent I’équivalence avec d’autres problémes plus faciles a résoudre (problemes de flot
a colit minimal et problémes de plus court chemin). Wu et collab. (2011) considérent la
possibilité d’avoir des commandes en souffrance. Ils proposent deux formulations dont la
relaxation linéaire est proche de la valeur de la solution optimale. Ils proposent également
un cadre général pour résoudre le probléme, cadre appelé méthode LugNP. Cette méthode
cherche un moyen efficace pour fixer a une certaine valeur un sous-ensemble des variables
binaires. L’ objectif est de trouver un sous-ensemble de variables qui va rapidement mener

a I’obtention d’une solution admissible de grande qualité.

Plus récemment, Wei et collab. (2019) ont étudié un cas de lotissement multi-niveaux
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ol la nomenclature des produits peut &tre modifiée. Les auteurs effectuent également une
revue de littérature sur des applications spécifiques des problemes de lotissement multi-
niveaux. Le lecteur intéressé est renvoyé aux références dans Wei et collab. (2019) pour

plus de détails sur les problémes de lotissement multi-niveaux.

1.2 Travail de recherche effectué dans le cadre de cette

these

Dans cette section, les différents projets qui constituent cette theése sont brievement
décrits. Le premier projet sert de fondation a I’ensemble de la these en adoptant une pers-
pective de modélisation du probleme. Pour ce premier projet, une version capacitaire et
une version non-capacitaire du probléme sont étudiées. Ces deux versions considerent
néamoins que la demande des détaillants est déterministe. Dans la version capacitaire,
des contraintes de capacité de production sont imposées au niveau de ’usine. L’analyse
des résultats numérique de ce premier projet justifie le développement d’une méthode de
résolution spécifique pour la version capacitaire du probléme. C’est ce que nous faisons
dans le deuxieme projet de cette these, avec I’utilisation d’une méthode de décomposition
prenant appui sur une formulation proposée dans le premier projet. L’analyse des résul-
tats numériques du premier projet ayant fait également ressortir de bonnes performances
sur une version déterministe non-capacitaire, le troisiéme projet explore cette voie en
ajoutant une dose d’incertitude entourant la demande des détaillants. Avec cette incer-
titude, il y a un besoin pour développer une méthode de résolution spécifique. Comme
pour le deuxiéme projet, nous nous sommes tournés vers une méthode de décomposition
qui utilise les travaux de modélisation effectués dans le premier projet comme point de
départ. Pour ce troisieme projet aussi, I’emphase est au niveau de la résolution. Enfin, le
quatrieéme projet remet en quéstion plusieurs hypotheses faites dans les trois premiers pro-
jets : les détaillants peuvent Etre servis par n’importe quel entrepdt, il y a des contraintes

de capacité de production et transport, et il y a des routes & construire pour les livraisons
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entre les entrepdts et les détaillants. Le quatrieme projet aborde donc une version plus

flexible du probléme initial, avec ajout de nombreuses contraintes opérationnelles.

1.2.1 Premier projet : modélisation du probléme

Dans le premier projet, nous avons développé 13 formulations de PMNE pour le
3LSPD. L’objectif de ce premier projet était de modéliser le probleme sous différents
points de vue. En effet, nous avons réalisé que les modéles trouvés dans la littérature
ne prenaient pas forcément appui sur la méme formulation initiale de PMNE (voir sec-
tion 1.1). La présence de ces formulations différentes peut €tre expliquée par plusieurs
facteurs. Parmi ceux-ci, on retrouve la nécessité pour les auteurs d’avoir des formulations
qui soient cohérentes avec les besoins qui émanent des méthodes utilisées pour résoudre
les cas industriels. Ainsi, certaines formulations mettent en exergue des sous-structures
exploitables efficacement dans certains algorithmes de résolution. Avec un grand éventail
de méthodes disponibles en recherche opérationnelle, nous avions la volonté de propo-
ser de nombreuses formulations différentes qui peuvent s’adapter aux besoins de 1’une ou
I’autre de ces méthodes de résolution. Pour ce premier projet, nous considérons un produit
et une assignation unique des détaillants aux entrep0ts.

Nous avons donc développé 13 formulations différentes de PMNE. Ces formulations
peuvent étre regroupées en trois familles distinctes. La premiere famille regroupe les for-
mulations classiques qui proviennent de la littérature sur les probleémes de lotissement.
La deuxieme famille de formulations prend appui sur le concept d’inventaire €chelon,
concept développé dans le contexte des problémes de lotissement multi-niveaux. Enfin,
la troisieme famille de formulations est formée de formulations "riches", dans le sens
ol les variables de décision utilisées dans ces formulations contiennent plus d’informa-
tions. Pour ce premier projet, nous avons prouvé des relations d’ordre entre les relaxations
linéaires de chaque formulation, pour la version sans capacité du 3LSPD. Nous avons éga-
lement réalisé de nombreuses expériences numériques & partir de plusieurs instances que

nous avons nous méme générées. L’ objectif des expériences numériques était d’identifier
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en pratique les forces et faiblesses de chacune des formulations proposées. Ces forces et
faiblesses obtenues en pratique ont été comparées aux forces et faiblesses prouvées de
maniere théorique.

Ce premier projet sert de fondation pour les trois autres projets de la thése. Le travail
sur les formulations est utilisé comme point de départ pour 1’utilisation de méthodes de
décomposition dans les deuxieme et troisieme projets. Ce projet a également été utilisé

pour tester plusieurs formulations dans le quatrieme projet.

1.2.2 Deuxieme projet : décomposition de Dantzig-Wolfe appliquée

a une version capacitaire du 3LSPD

Les expériences numériques réalisées dans le cadre du premier projet ont permis de
mettre en exergue les grands temps de calcul requis pour résoudre les instances capaci-
taires du probléme, c’est a dire quand il y a des contraintes de capacité de production
imposées a ’usine. En particulier, il y a un faible nombre de solutions faisables trouvées,
et un encore plus petit nombre de solutions optimales prouvées. Ces performances ne sont
pas acceptables en 1’état pour faire usage d’un solveur directement : il y a un besoin pour
développer des méthodes efficaces de résolution qui viendront améliorer les temps de
calcul et augmenter le nombre de solutions faisables trouvées, et le nombre de solutions
optimales prouvées. Ainsi, dans le deuxiéme projet de la thése nous nous sommes attaqués
spécifiquement 2 cette version capacitaire du 3LSPD. Dans ce cas, la contrainte de capa-
cité est imposée au niveau de ’usine de production : la production est limitée a chaque
période. Ici encore, on considére un item et une assignation unique des détaillants aux en-
trepdts. La nécessité d’attaquer le probleme capacitaire est venue des conclusions tirées
du premier projet. En effet, dans le premier projet, nous avons remarqué que les temps de
calcul utilisés pour résoudre les instances capacitaires étaient trop longs pour rendre nos
modeles utilisables en pratique avec un solveur seul. Le travail effectué sur les différentes
formulations a été utilisé comme point de départ pour identifier des sous-structures ex-

ploitables en utilisant des méthodes de décomposition. L’ utilisation d’une décomposition
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de Dantzig-Wolfe étant relativement rare dans la littérature sur les problemes de lotisse-
ment, nous avons décidé d’utiliser cette méthode et de I’appliquer sur la formulation de
stock échelon proposée dans le premier projet. Cela nous a mené a une reformulation de
Dantzig-Wolfe. A partir de cette reformulation, nous avons développé un algorithme de
séparation et génération de colonnes pour résoudre le probléme. Nous avons également
proposé plusieurs améliorations a 1’algorithme de séparation et génération de colonnes
pour accélérer le processus de résolution. Dans les améliorations proposées, on retrouve
I'utilisation de la relaxation lagrangienne, la stabilisation des valeurs duales et 1’ajout
d’inégalités valides. Malgré ces améliorations, les résultats des expériences numériques
n’ont pas été concluants. La performance de notre algorithme est en effet bien moindre

que celle obtenue par I'utilisation du solveur CPLEX seul.

1.2.3 Troisiéme projet : décomposition de Benders pour une version

stochastique du 3LSPD

Que ce soit au travers d’une chaine d’approvisionnement ou au sein méme d’une
entreprise, la présence d’incertitude dans certains parametres rend la planification des
opérations complexe. La principale source d’incertitude apparaft dans la demande des
détaillants et dans les délais de livraison. Cette incertitude n’a pas été prise en compte
dans les premier et deuxieme projets. Avec cette prise en compte d’incertitude, on se re-
trouve dans une situation totalement différente qui demande de repenser la modélisation
effectuée dans le premier projet, et de développer des méthodes de résolution efficace
pour cette variante stochastique du probleme. Comme pour le premier projet, nous avons
choisi ici de nous intéresser a une version non capacitaire du probléme. L’ objectif du
troisiéme projet était donc d’intégrer I’incertitude entourant la demande des détaillants
dans le 3LSPD, et de trouver des méthodes efficaces pour résoudre cette version stochas-
tique du probleme. La prise en compte d’incertitude entourant la demande s’est faite en
utilisant des scénarios de demande, chaque scénario ayant la méme probabilité de réa-

lisation. On aurait pu prendre en compte 1’incertitude entourant d’autres parametres du
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probleéme, par exemple sur les cofits opérationnels. Comme on considere une entreprise
qui détient ’usine, les entrepéts et les détaillants, ladite usine a un meilleur contrdle sur
les cofits opérationnels, comparativement & un contrdle sur la demande des clients. Cela
nous a amené a considérer la demande comme étant la principale source d’incertitude, la
demande émanant, in fine, du consommateur final.

I’introduction de ces scénarios de demande nous a orienté vers un processus de déci-
sion en deux étapes. Dans la premiere étape, on prend des décisions relatives aux variables
de mise en route, soit le déclenchement de la production ou le déclenchement d’un réap-
provisionnement de la part des entrepdts ou détaillants. Dans la seconde étape, apres la
réalisation de la demande, on prend les décisions relatives aux flux des produits a travers la
chaine d’approvisionnement, mais également les décisions relatives aux quantités gardées
en stock. Ce processus en deux étapes peut se retrouver dans des situations ol la produc-
tion et la réalisation des opérations de réception de la marchandise sont effectuées par des
opérateurs spécialisés en nombres limités, ou avec des disponibilités limitées. Ainsi, il est
important de définir et fixer leur horaire en amont car I’entreprise est tributaire de ces per-
sonnes pour la bonne marche des opérations. En considérant que nos décisions de mise en
route sont les mémes pour tous les scénarios de demande, nous nous sommes naturelle-
ment tournés vers une décomposition de Benders pour résoudre le probleme. Les variables
de mise en route sont alors les variables liantes que 1’on retrouve traditionnellement dans
la décomposition de Benders. Nous avons également considéré une extension ol on peut
avoir des ventes perdues au lieu de satisfaire entierement la demande des détaillants. Dans
ce cas, les ventes perdues sont pénalisées dans la fonction objectif.

Nous avons par la suite développé un algorithme de séparation et coupes fondé sur
cette décomposition de Benders. Nous avons également incorporé plusieurs améliora-
tions a I’algorithme de séparation et coupes qui se sont avérées bénéfiques en pratique.
Ces améliorations incluent des coupes de Pareto, des inégalités utilisées pour améliorer
la borne inférieure dans le probléme maitre, et I'utilisation de coupes fractionnaires. Les

sous-problemes sont résolus par des algorithmes que nous avons nous-méme développés.
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Les expériences numériques menées sur des instances différentes ont mené a des perfor-
mances bien meilleures que celles obtenues par le solveur CPLEX, notamment au niveau

des temps de calcul et de la qualité des solutions obtenues.

1.2.4 Quatrieme projet : méthodes heuristiques pour résoudre une
extension 3L.SPD avec capacités de production et transport, et

tournées de véhicules

Le 3LSPD étudié dans les premier, deuxiéme et troisieme projet est intéressant et com-
plexe, mais les hypotheéses des trois premiers projets sont assez fortes. En particulier, on
a une affectation fixe des détaillants aux entrep0ts, et on n’a pas de capacité de transport
pour les livraisons entre 1’usine et les entrep6ts, et entre les entrepdts et les détaillants.
Ainsi, dans le but de s’attaquer & une version plus complexe et réaliste du 3LSPD, nous
avons décidé d’ajouter des contraintes de capacité au probléme. Nous avons ajouté des
contraintes de capacité de production au niveau de 1’usine de production, mais aussi des
contraintes de capacité de transport au niveau des livraisons effectuées entre I'usine de
production et les entrepdts, et entre les entrepdts et les détaillants. Entre 1’usine de pro-
duction et les entrep0ts, on considére qu’on a une flotte de camions homogenes ayant une
certaine capacité. On consideére également que le nombre de camions disponibles n’est pas
limité. Cette hypothése revient & considérer qu’un prestataire de logistique tierce partie
peut effectuer les livraisons pour nous, avec un coft fixe par camion utilisé. A I’inverse,
pour les livraisons entre les entrepdts et détaillants, on considére qu’on a un nombre pré-
défini de camions disponibles pour effectuer les livraisons. Nous supposons que chaque
entrepdt a le méme nombre de camions disponibles & chaque période et que ces camions
ont tous la méme capacité de transport. Pour les livraisons entre les entrep6ts et détaillants,
nous avons également ajouté des décisions quant a la séquence des détaillants que chaque
camion va visiter : cela revient donc a décider des routes de livraison de chaque camion.
Par contre, entre I’usine de production et les entrepdts, les livraisons sont toujours di-

rectes. Enfin, nous ne considérons non plus un produit mais plusieurs produits, et ne
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figeons plus les assignations des détaillants aux entrep6ts : les entrepdts peuvent réappro-
visionner n’importe quel détaillant. Nous perdons alors la structure de distribution au sens
défini par Pochet et Wolsey (2006). Pour les livraisons entre les entrep6ts et détaillants,
nous explorons également la possibilité de scinder les demandes des détaillants ou les
livraisons. Par le fait de scinder une livraison on entend le fait d’effectuer une livraison a
I’aide de plusieurs camions, alors que par le fait de scinder une demande on entend le fait
de livrer la demande d’une certaine période de maniere étalée sur plusieurs périodes. Ces
possibilités peuvent aussi étre jumelées, donnant ainsi quatre situations potentielles. Pour
ce dernier projet, nous avons donc des différences majeures avec les projets précédents en
raison de la présence de capacités de transport, de tournées de véhicule entre les entrepdts
et les détaillants, et d’une liberté d’affectation des détaillants aux entrep0ts.

La prise en compte des capacités de transport et des décisions quant aux tournées de
véhicules amene le probleme a un autre niveau de difficulté. C’est pourquoi, nous avons
développé deux méthodes heuristiques pour résoudre le probléme en un temps raison-
nable. La premiére heuristique part des décisions de production pour finalement décider
du réapprovisionnement des détaillants alors que la seconde heuristique part des décisions
de réapprovisionnement au niveau des détaillants pour finalement décider des quantités
produites a I’usine. Les deux heuristiques décomposent ainsi le probléme global en plu-
sieurs sous-problemes qui échangent des informations et sont résolus de maniere itérative.
Chaque heuristique comprend des phases d’intensification et de diversification. Les résul-
tats obtenus par ces heuristiques sont comparés aux résultats obtenus par un algorithme
de séparation et coupes que nous avons également développé pour résoudre le probléme

de maniére exacte.
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Chapitre 2

A comparison of formulations for a
three-level lot sizing and replenishment

problem with a distribution structure

Informations sur le chapitre

Un article fondé sur ce chapitre a été publié dans la revue Computers & Operations
Research : Gruson, M., Bazrafshan, M., Cordeau, J.-F., and Jans, R. (2019). A comparison
of formulations for a three-level lot sizing and replenishment problem with a distribution

structure. Computers & Operations Research, 111 :297-310.

Abstract

We address a three-level lot sizing and replenishment problem with a distribution
structure (3LSPD), which is an extension of the one-warehouse multi-retailer problem
(OWMR). We consider one production plant that produces one type of item over a dis-
crete and finite planning horizon. The items produced are used to replenish warehouses
and then retailers using direct shipments. Each retailer is linked to a unique warehouse

and there are no transfers between warehouses nor between retailers. We also assume that



transportation is uncapacitated. However, we consider the possibility of imposing produc-
tion capacity constraints at the production plant level. The objective is to minimize the
sum of the fixed production and replenishment costs and of the variable inventory holding
costs at all three levels. We compare 13 different MIP formulations to solve the prob-
lem. All of these fdrmulations are adapted from existing MIP formulations found in the
one-warehouse multi-retailer literature, but most formulations are new in the context of
the 3LSPD. We run experiments on both balanced and unbalanced networks. Our results
indicate that the multi-commodity formulation is well suited for uncapacititated instances
and that the echelon stock reformulations are better for capacitated instances. They also
show that the richer formulations are not necessarily the best ones and that the unbalanced

instances are harder to solve.

2.1 Introduction

Over the last decades, lot sizing problems have drawn the attention of many re-
searchers, mainly because of their numerous applications in production, distribution and
inventory management problems. Extensions of the basic lot sizing problem (LSP) are
often encountered in the context of supply chain planning. Usually, the customers of a
company, which have a certain demand, are located in a different area from the production
plant where the items are actually produced and where lot sizing decisions are made. This
leads to a replenishment problem where the company needs to determine when to replen-
ish its customers so as to minimize the replenishment costs. Companies facing these two
operational problems often make decisions in sequence. This leads, however, to solutions
that can be far from the optimal solution of an integrated lot sizing and replenishment
problem.

The integration of these two operational decisions has proven to be very effective
for several industrial cases. Zhang and Song (2018) study the case of Danone Waters
in China, where the supply chain comprises several factories, distribution centers and

local warehouses. They develop a decision support system based on mathematical pro-
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gramming to help managers in their production and distribution process. They report
cost savings of at least 3.5% per year thanks to the integration of the two problems. In
the same vein, Dhaenens-Flipo and Finke (2001) study the case of a metal manufacturer
which has facilities operating both in Europe and North America and whose transporta-
tion and production costs are inter-related. This naturally leads to an integrated problem
where the objective is to simultaneously minimize these operational costs. They develop
a mathematical model which is solved by means of a general purpose solver. They are
able to solve instances of practical size in a short amount of CPU time and their model
has been further incorporated in the decision system used at the company. Thanks to this
tool, the company was able to reduce its operational costs. In a recent paper, Abdullah
et al. (2019) study the case of a petrochemical company having a four-level supply chain.
Here, the integration combines lot-sizing, scheduling, transportation and warehousing de-
cisions made at the different layers of the supply chain. The authors develop a three-stage
heuristic to solve this integrated problem. Their heuristic is able to find solutions of good
quality in a short amount of CPU time.

Following this line of research, we address here an integrated three-level lot sizing
and replenishment problem with a distribution structure (3L.SPD). We consider a general
manufacturing company that has one production plant (level zero), several warehouses
(Ievel one) and multiple retailers (level two) facing a dynamic and known demand for one
item over a discrete and finite time horizon. Considering only one production plant and
one item is in line with industrial practice for companies developing multi-site policies to
improve their operational efficiency. With such policies, each production site is focused
on one particular item (see Dhaenens-Flipo and Finke (2001)). The supply chain consid-
ered has a distribution structure: the warehouses are all linked to the single plant and all
retailers are linked to exactly one warehouse. Figure 2.1 illustrates the flow of goods in
such a distribution network. The objective of the problem is to determine the optimal tim-
ing and flows of goods between the different facilities while minimizing the operational

and replenishment costs in the whole network.
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Figure 2.1 — Graphical representation of the problem considered

More specifically, given the set 7 of time periods, we face an integrated problem
where decisions are made at all facilities for each time period. The optimal solution will
indicate, for each time period, the optimal quantities to be produced and to be ordered
from their predecessor for the production plant and for the warehouses and retailers, re-
spectively, so that the final demand at each retailer is satisfied. The objective is to min-
imize the sum over all periods ¢ of the fixed setup costs sc/ at the production plant, the
fixed replenishment costs sc;” and sc; of the warehouses and of the retailers, and the unit
inventory holding costs hc! of all facilities i. We do not include any unit production cost at
the plant since the total production cost is a constant when all the demand is satisfied and
when the unit production cost is constant over time. The same holds for the unit replen-
ishment cost at the warehouses and retailers. Transfers of goods between the warehouses
and between the retailers are not allowed. Finally, we only consider uncapacitated direct
shipments and do not incorporate any routing in the transportation decisions. This is done
in order to have a first step towards the study of the 3LSPD. Note that in a disaggregated
context, the problem faced by any facility can be seen as the basic LSP. This basic LSP

has attracted a lot of research since the seminal paper of Wagner and Whitin (1958) who
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proposed a dynamic programming approach to solve the single item uncapacitated lot
sizing problem (SI-ULSP). The reader is referred to Brahimi et al. (2017) and to Pochet
and Wolsey (2006) for a review of the work done on the SI-ULSP and its extensions. We
consider both a capacitated and an uncapacitated version of the 3LSPD. In the capacitated
version, the capacity constraints are imposed at the production plant level. There are no
capacities on the flows between the facilities nor on the inventory level. Note that with
the addition of the capacity constraints at the production plant level, the problem faced by
the production plant can be seen as a basic capacitated lot sizing problem (CLSP). The
reader is referred to Karimi et al. (2003) for a review of models and algorithms used to
solve the CLSP, and to Jans and Degraeve (2006) for a review of industrial applications.

The 3LSPD we study is an extension of the one-warehouse multi-retailer problem
(OWMR). In the OWMR, a central warehouse replenishes several retailers that face a
dynamic demand for one or several items over a discrete and finite time horizon. The
objective of the problem is to jointly determine the optimal timing and quantities that
are shipped between the warehouse and the retailers to minimize the sum of setup costs
and inventory holding costs for the whole system. This problem has been shown to be
NP-hard by Arkin et al. (1989) and appears as a substructure in the production routing
problem (PRP, Adulyasak et al. (2015)).

The motivation to consider MIP formulations for the 3LSPD is twofold. First we want
to work on modelling by developing or extending MIP formulations that are able to effi-
ciently solve instances of practical size. A similar motivation can be found in the works
of Solyali and Stiral (2012) and Cunha and Melo (2016) who compare several MIP for-
mulations for the OWMR. Solyali and Siiral (2012) compare four MIP formulations and
Cunha and Melo (2016) compare eight different MIP formulations for the OWMR. They
provide results concerning the LP bounds of each formulation and numerical experiments
are performed. Our second aim is to verify if the theoretical and computational results
obtained on the two-level OWMR still stand for our three-level problem.

This chapter makes two main contributions. First, we fill a gap by adapting several
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MIP formulations that have been proposed in the context of the two-level OWMR (Solyali
and Stiral (2012), Cunha and Melo (2016)) to the 3LSPD. To the best of our knowledge,
this is the first attempt to provide strong formulations for the 3LSPD that can solve in-
stances of large scale. We also analyze the relationships between the linear relaxations
of these formulations. Second, we report the results of extensive numerical experiments
using a general-purpose solver to assess the strengths and weaknesses of the different
formulations. Indeed, we perform experiments for different structures of the main param-
eters (fixed or dynamic demand, fixed or dynamic setup costs) and for two distribution
structures of the supply chain network. In one case we consider a balanced distribution
network in which each warehouse is responsible for the same number of retailers. In the
other case, we consider an unbalanced distribution network where 20% of the warehouses
replenish 80% of the retailers. The results obtained highlight the importance of properly
choosing a formulation depending on the characteristics of the problem.

The remainder of this chapter is organized as follows. First, we survey the work re-
lated to our study in Section 2.2. We then present thirteen different MIP formulations for
the problem in Section 2.3. These MIP formulations can be divided into three groups of
formulations: the classical formulation, which uses the standard MIP formulation of the
basic LSP, the echelon stock based formulations, inspired from the echelon stock concept
for the multi-level LSP, and the richer formulations, containing more information in the
decision variables, inspired from the work on the polyhedral structure of the solutions of
both the SI-ULSP and the two-level lot sizing problems. Section 2.4 presents computa-
tional results to determine the strengths and weaknesses of the different formulations that
we propose, and to analyze the impact of the different parameters. This is followed by the

conclusion in Section 2.5.

2.2 Literature review

When reviewing the literature on the three-level LSP (3L-LSP), one can find several

supply chain structures depending on the type of decisions made at each level and the con-
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figuration of the links between the different levels. The following section only reviews the
literature for which the supply chain structure is the same as in our problem: one produc-
tion plant, several warehouses and several retailers. When not explicitely mentionned, the
supply network structure considered in the papers reviewed in this section is a distribution
structure as in our problem.

Only a few papers address a three-level lot sizing problem with a number of facilities
per level which is the same as in our problem. The ones that we found all address exten-
sions of the 3LSPD considered in this paper. Gebennini et al. (2009) propose a heuristic
to solve a problem where they consider safety stocks and allow backorders. The basic
model] they propose is non-linear because of the safety stock cost but is linearized with an
approximation of the objective function. There are also due dates for the deliveries to the
customers. The authors design a procedure to solve the approximate problem.

Barbarasoglu and Ozgiir (1999) address the 3L-LSP where each retailer is linked to
every warehouse. They thus do not have a distribution structure in their network but a
general one instead. They also work in a just-in-time (JIT) environment which translates
into a constraint that prevents retailers from keeping inventory. The model contains both
fixed and unit transportation costs. The authors propose a transportation based MIP model
and use Lagrangean relaxation to solve the problem. They relax the constraints linking
the production and distribution components to obtain a production subproblem which can
be decomposed into knapsack problems, and a distribution subproblem that can be easily
solved for each item-customer pair. A customized procedure is then used to build feasible
solutions from the solutions obtained in these two sub-problems.

Several extensions relate to applications for industrial cases. Kopanos et al. (2012)
address an industrial case in Greece in the food industry. They have a fixed cost per
vehicle used for the deliveries between the facilities and there are several transportation
modes available. They consider restrictions on the vehicles that can make the deliveries
between facilities. They extend their MIP model to consider several production plants and

use a general-purpose solver to solve their instances. Haq et al. (1991) also use a general-
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purpose solver to solve an industrial case of urea manufacturing. They propose a MIP
model that contains transportation lead time and backlog but these features are discarded
in the numerical experiments performed.

Heuristics have also been proposed to solve extensions of the 3LSPD applied to in-
dustrial cases. Lejeune (2006) proposes to solve a problem with a fixed cost per truck
used and unit transportation costs. The author also considers transportation capacities
and time availability of the carriers. A combination of branch-and-bound (B&B) and
variable neighborhood search (VNS) is used to solve the problem. A computational ex-
periment using data of a US chemical company indicates that this method outperforms
CPLEX. In the same vein, Ozdamar and Yazgac (1999) treat the case study of a detergent
company in Turkey. They design an algorithm to approximately solve the problem. The
authors consider transportation capacities and propose an aggregate and a disaggregate
MIP model. The algorithm is based on an iterative hierarchical approach as well as on a
rolling horizon.

Note that in the works mentioned in this section, only three different types of MIP for-
mulation have been used: Haq et al. (1991), Lejeune (2006), Gebennini et al. (2009) and
Ozdamar and Yazgac (1999) use a classical formulation, Barbarasoglu and Ozgiir (1999)
use a combined classical and transportation formulation, and Kopanos et al. (2012) use a
transportation formulation. The classical formulation will be presented in Section 2.3.1
while the transportation formulation will be given in Section 2.3.4. The combined trans-
portation and classical formulation is not presented in this paper because of its poor per-
formances compared to other formulations. The interested reader is referred to Gruson

et al. (2017).

2.3 Formulations

Let G = (F,A) be a graph where F is the set of nodes (facilities in our problem) and
A is the set of arcs. Let P = {p} C F be the set containing the unique production plant,

W C F be the set of warehouses and R C F be the set of retailers. Following the problem
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description in Section 2.1, we have F = PUW UR. Let 6(i) be the set of all direct
successors of facility 7 and J,,(r) be the warehouse linked to the retailer r € R. Let d,; be
the demand for retailer r in period . The notion of the demand faced by any retailer is

extended to the warehouses and to the production plant in the following fashion:

ZrER At ifi= p
Zre5(i) dy fieW.

diy =

Using the notion of the demand faced by any facility, we introduce Dy, the total demand
between period ¢ and the end of the time horizon computed as D;; = ¥ 4>, dj. Similarly,
we introduce, for any facility 7, the demand between periods k and t as djy; = Y r<;<; dyt. In
the following sections, all the MIP formulations are presented in their capacitated version,

with C; representing the available capacity in period z.

2.3.1 C(lassical formulations

We first present a simple MIP formulation that extends the basic MIP formulation for
the ULSP as used by Pochet and Wolsey (2006). We call this formulation the classical for-
mulation (C). This formulation is based on three sets of decisions variables: x;; represents
the production quantity in period ¢ if i = p and the quantity ordered from the predecessor
if i € WUR, s;; is the inventory held at the end of period ¢ in facility 7, and y;; is a boolean

setup variable taking value 1 iff x; > 0. The formulation is as follows:

Min Z <Z SCitvir + Z hc,-tsit> 2.1

teT \i€F ieF
s.t. xiy < Disyir VieT,ieF (2.2)
Sig—1 X = Y. Xip+si VteT,ie PUW (2.3)
j€s (i)
Srr—1 + %X = dy + Sy VieT,reRr 24
Xpr <min{C;,Dps }yp VieT (2.5)
Xit, it > 0 VieT,icF (2.6)
yir €{0,1} VteT,ieF. 2.7
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The objective function minimizes the sum of the fixed setup and replenishment costs and
of the unit inventory holding costs. Constraints (2.2) are the setup forcing constraints for
all facilities. Constraints (2.3) are the inventory balance equations for the production plant
and the warehouses whereas (2.4) are the inventory balance equations for the retailers.
Constraints (2.5) are the capacity constraints at the production plant.

The classical formulation C has a rather poor linear relaxation which can be improved
by using some ideas coming from the ULSP literature. We observe that when we only
consider the inventory balance equations (2.4) and the setup constraints (2.2) specifically
for the retailers, we have a single item lot sizing structure for each retailer since the inven-
tory balance equations (2.4) only incorporate the independent demand for each retailer.
This means that we can use the existing strong reformulations of the ULSP for each of
the retailers. These reformulations are not directly applicable at the warehouse or plant
level, since at these levels the inventory balance constraints contain dependent demand in
the form of decision variables related to the ordering decisions at the direct successors.
Despite these improvements, the results we obtained for the classical formulation using a
strong formulation at the retailer level are still poor compared to the results obtained with
other formulations presented hereafter and therefore, we do not present them. The inter-
ested reader is referred to Gruson et al. (2017). Note, however, that these reformulations

can be applied at all levels using the echelon stock formulation (see Section 2.3.2).

2.3.2 Echelon stock formulations

Employing the idea of an echelon stock presented in Federgruen and Tzur (1999), the
3LSPD can be decomposed into several independent SI-ULSPs. To do so, the inventory
variables of the classical formulation C are replaced with echelon stock variables repre-
senting the total inventory at all descendents of a particular facility. This idea has proven
successful in the context of the OWMR to derive strong lower bounds within a Lagrangian

relaxation scheme (see Federgruen and Tzur (1999)). We define the echelon stock Iti for

32



facility 7 in period ¢ as:

Sit + Yowew Swr + LrerSn ifi=p
Iy = Sit “‘Zreﬁ(i) St ifieWw
Sit lf I - R.

The echelon stock formulation (ES) is then as follows:

Min 2 (Z SCitYir + Z hcpt[pt + Z (hcwt - hcpt)lwt =+ Z (hcrt - hCSW(r)t) Irt>

teT \i€F pEP weW reR
(2.8)
s.t. (2.2), (2.5), 2.7)
]it+th :dif+[it \/Z - TIIEF (29)
L= Y, I VieT,ic PUW (2.10)
jesd ()
ity Ly > 0 VteT,ieF. (2.11)

The objective function (2.8) is written in terms of echelon stock variables. Constraints
(2.9) are the inventory balance constraints using the new echelon stock variables. Con-
straints (2.10) are the echelon stock constraints ensuring that the echelon stock at a spe-
cific facility is greater than the sum of the echelon stocks at all its direct successors. These
constraints come from the non-negativity constraints (2.6) imposed on the stock variables
in the classical formulation C. Note that with the introduction of the echelon stock vari-
ables, the problem has an uncapacitated lot sizing structure (in constraints (2.2) and (2.9))
with independent demand at each level. This means that we can apply the known refor-
mulation techniques for the ULSP at each level.

First, we use the network reformulation proposed by Eppen and Martin (1987) for
the SI-CLSP. This reformulation is based on the property of extreme flows in a network
as applied by Zangwill (1969) to the SI-ULSP. This property, also known as the zero
inventory ordering property, states that if there is a positive entering stock at any period
in the SI-ULSP, then the flow coming from production is equal to zero. Conversely, if the

production is positive at any period, then the entering stock for this period is equal to zero.
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Although this property does not hold for the capacitated case, Eppen and Martin (1987)
show that their proposed reformulation is valid for the capacitated case. Both for the
SI-ULSP and SI-CLSP this reformulation drastically improves the linear programming
relaxation. In particular, this leads to the integrality property in the case of the SI-ULSP.
We define Zy, to be positive variables representing the proportion of dy, that is produced
in period k for i = p, and to be the proportion of dj, that is ordered in period & fori € WU
R. The echelon stock network formulation (ES-N) is obtained by substituting constraints

(2.2), (2.5) and (2.9) by constraints (2.12), (2.13) and (2.14)-(2.16), respectively:

7]
Y Zu<yu YieT,icF (2.12)
k”—'fid,’,k>0
7|
Y Zpsidpie < min{Cy, Dt }ypr VieT (2.13)
k=t
7]
Y Zik=1 VieF (2.14)
k=1
-1 7|
N Zior =Y Ziy Vt>2i€F (2.15)
=1 [=t
t T
Iy = <Z Y d,;lkZilk> —diy VteT,i€F. (2.16)
I=1k=l

Constraints (2.14) are the initial flow constraints for each facility and constraints (2.15)
are the flow conservation constraints. Constraints (2.16) link the flow variables and the
echelon stock variables.

Second, one can use the transportation reformulation of the ULSP proposed by Krarup
and Bilde (1977) to obtain another formulation for the problem. This reformulation, when
applied to the SI-ULSP, also has the integrality property. We define Xj;; to be the quantity
that is produced in period k and used to satisfy dj; for i = p, and to be the quantity that
is ordered in period k for i € W UR and used to satisfy dj;. The echelon stock transporta-
tion formulation (ES-TP) is obtained by substituting constraints (2.2), (2.5) and (2.9) by
constraints (2.17), (2.18) and (2.19)-(2.20), respectively:

Xtk < digyir VkeT t<keT,ieF (2.17)
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7]

Y Xk < min{Cy, Dpr }ype VieT (2.18)
k=t
.
Lij—14 Y Xip=di +1 VicT,icF (2.19)
k=t
t .
Y Xi, =dy VieT,icF. (2.20)
k=1

Constraints (2.19) are the inventory balance constraints. These are included in order to
correctly calculate the inventory levels. Constraints (2.20) are the demand satisfaction
constraints.

Finally, one can also use the polyhedral results for the SI-ULSP to improve the echelon
stock formulation at each of the 3 levels. In particular, Barany et al. (1984) propose the
(1,S) valid inequalities that describe the polyhedron of solutions of the SI-ULSP. Besides,
if the SI-ULSP has Wagner-Whitin costs (i.e., pc; +hc; > pciy1, Vi € T, where pc; is the
unit production cost in period £), Pochet and Wolsey (2006) propose the (I, S,WW) valid
inequalities. When adapted to our problem, these (I,5,WW) inequalities are defined as

follows:
I j
Lij—1> Y dij| 1= Y yu | VIETk<IET,icF. (2.21)
Jj=k u=k

These inequalities are added to ES to form the echelon stock-(7,S) formulation (ES-LS).
These inequalities are always valid, even if the costs do not satisfy the Wagner-Whitin
condition. However, in case the Wagner-Whitin cost condition holds, they are sufficient
to describe the convex hull of the SI-ULSP.

Following the model proposed in Federgruen and Tzur (1999), another change can
be made to the echelon stock formulation ES. Indeed, one can alternatively write the
echelon stock constraints (2.10) using the production variables of the ES, ES-N or ES-TP

formulation, respectively:

! t
Yoxu> Y Y xp VteT,iec PUW (2.22)
k=1 Jjed(i) k=1
t t
Z Z ditZigg > Z Z djuZin VieT,ie PUW (2.23)
k=11>k je8 () k=11>k
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Y Yxu> ¥

k=11>k jed(iyk

I M~

}: u Ve T,ic PUW. (2.24)
11>k

If we substitute (2.10) by (2.22), (2.23) and (2.24) in formulations ES or ES-LS, ES-N
and ES-TP, respectively, we obtain the echelon stock Federgruen formulations ES-F or

ES-F-LS, ES-F-N and ES-F-TP, respectively.

2.3.3 Network formulation

The following formulation uses the network reformulation as proposed by Eppen and
Martin (1987) for the SI-ULSP to rewrite the variables and constraints of the problem.
Such a reformulation has also been applied by Solyali and Siiral (2012) and Cunha and
Melo (2016) for the OWMR. Both Solyali and Stiral (2012) and Cunha and Melo (2016)
showed that this reformulation gives a strong linear relaxation for the OWMR compared
to numerous other formulations. For any retailer r, let W,z be the proportion of d,y
that is produced by the production plant in period k, transported to the warehouse of
retailer 7 in period / and to retailer r in period s. Let also nc,qy be the cost linked to the
variable Yyprs: NCrist = Zi.;}c hep jdyst +Z h65 () jrst —i—Z hc,.jd,., j+1,- The network

formulation (N) is given as follows:

tel \ieF reRk=1I1=ks=|

! ot
Min ) (Z sciyie+ Y, Y. Y Y Ny erzsz> (2.25)

7|
s.t. qu,.m:1 VreR (2.26)

—1r—1t— 1

t
ZZZm,z,ﬂ I—ZZZWM Vi>2,reR (2.27)

k=1I[=ks=l k=1l=ks=t
t ot 7|
YY Y W<y  VteT,k<teT,reR (2.28)
1=k s=1 j=t:dyy ;>0
It 7|
Y)Y Y W <ys, VieT,l<teT,reRr (2.29)

k=1s=l j=1:d;;>0
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s s 7]
Y3 Vinisj <¥s  V1E€T,s<t€T,reR (2.30)
k=11=k j=t:dys;>0
T} 7] |T|
Y 3N Vinsdiss < min{Ce, Dpi}ypi VkeT (2.31)
I€R [=ks=[1=s

Vs >0 Vk<I<s<teT,reR  (2.32)

yi€{0,1}  VteT,ieF. (2.33)

Constraints (2.26) are the demand satisfaction constraints written as initial flow con-
straints. Constraints (2.27) are the flow conservation constraints. Constraints (2.28),
(2.29) and (2.30) are the setup forcing constraints for the production plant, the ware-
houses and the retailers, respectively. Constraints (2.31) are the capacity constraints at

the production plant.

2.3.4 Transportation formulation

In the following formulation, the interactions between the facilities are modeled based
on the transportation formulation of Krarup and Bilde (1977) for the SI-ULSP. Levi
et al. (2008) propose such a transportation formulation for the OWMR. For the OWMR,
Solyali and Stiral (2012) have proven that its linear relaxation is weaker than the one
of the network formulation but their results also indicate that the transportation formu-
lation has a better performance for solving the MIP compared to the N formulation.
For any retailer r, let 6,4 be the quantity that is produced by the production plant
in period k, transported to the warehouse of retailer r in period [, transported to re-
tailer » in period s and used to satisfy d,;. Let also H,y be the cost linked to 6,y:
Hoypyg = Zé;}c hey +):j.;} hes,, () +Z‘j;§ hcyj. The transportation formulation (TP) is
given as follows:

Min E (2 SCitYit + Z Z Z ZHrklsterklst> (234)

teT \IeF re€Rk=11=ks=I

t 2 1
st Y Y'Y Oug =4, VteT,rER (2.35)
k=11=k

- S:l
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It

YN Oas < drypi VteT,k<tcT,reR (2.36)

[=ks=]
It
Y'Y O < dieys, (o1 VteT,I<t€T,rcR (2.37)
k=1s=I

N s
Y} O < Ay VieT,s<teT,reR (2.38)

k=11=k

IT| |1} |T| .
Z Z Z Bittsr < min{Cr, D i}y pi VkeT (2.39)

i€ERI=ks=lt=s

G5t = 0 Vk<I<s<teT,reR (2.40)
yi € {0,1} VieT,ieF. (2.41)

Constraints (2.35) are the demand satisfaction constraints. Constraints (2.36), (2.37) and
(2.38) are the setup forcing constraints for the production plant, the warehouses and the
retailers, respectively. Constraints (2.39) are the capacity constraints at the production

plant.

2.3.5 Multi-commodity formulation

The next formulation proposed is based on the distinction of each retailer-period pair
(i.e., each d,; 1s viewed as a distinct commodity). In the context of a two-level lot sizing
problem in series, this formulation has proven to be very effective both in terms of the
CPU time taken to solve instances and of the strength of the linear programming relax-
ation bound, see Melo and Wolsey (2010). Similar results have been observed by Cunha
and Melo (2016) for the OWMR. In particular, this formulation has proven to be very ef-
ficient to solve large scale MIP instances for the OWMR despite a linear relaxation which
is weaker than the one provided by the N formulation. For this formulation, for any re-
tailer r, let kat be the amount produced at the production plant in period k to satisfy d,;,
let X rlkt be the amount transported from the production plant to the warehouse of retailer
r in period k to satisfy d,; and let szkt be the amount transported from the warehouse of
retailer r to retailer r in period k to satisfy d,,. Let also ofkl be the amount stocked at the

production plant at the end of period k to satisfy d,,, let O'rlkr be the amount stocked at
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the warehouse of retailer » at the end of period k to satisfy d,; and let Grzkt be the amount
stocked at retailer r at the end of period k to satisfy d,;. In the following formulation, we
denote by &, the Kronecker delta which takes the value 1 if k = ¢ and O otherwise. The
multi-commodity formulation (MC) is as follows:

Min ¥’ <Z sciyie+ Y, Y hepeOne+ 3 Y hes, O+ 3 Y, hc,ka,?k,> (2.42)

teT \ieF reRk<t réeRk<t reR k<t

st Oy + X% =X}y + 05 VicT k<teT,rcR (2.43)

Ot 11+ Xy = X + Ol VieT,k<tcT,reR (2.44)

Ot Xy = O + (1 — 8 ) 07, VieT,k<teT,reR (2.45)

X% < duypr VieT,k<teT,rcR (2.46)

X < dys, (i VteT,k<teT,rcR (2.47)

X3, < driy VteT k<teT,reR (2.48)

Y %kat < min{Cy, Dpic}¥pk VkeT (2.49)
reRt=k

X9, x% X2 >0 VicT,k<tcT,reR (2.50)

6%, 0%, 05, >0 VicT,k<teT,reR (2.51)

yir € {0;1} Vi€ T,icF. (2.52)

Constraints (2.43), (2.44) and (2.45) are the balance constraints for each commodity at
the production plant, at the warehouses and at the retailers, respectively. Constraints
(2.46), (2.47) and (2.48) are the setup forcing constraints for the production plant, the
warehouses and the retailers, respectively. Constraints (2.49) are the capacity constraints
at the production plant.

The last formulation combines the idea of an echelon stock presented in Federgruen
and Tzur (1999) and the MC formulation. To the best of our knowledge, it is the first
time that such a formulation is proposed. We call it the multi-commodity echelon formu-

lation (MCE). To get this formulation, the inventory variables of the MC formulation are
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replaced with multi-commodity echelon variables Eﬁkl representing the amount stocked at
the end of period k at all predecessors of retailer » which are in level / or more, and which
will be used to fulfill the specific demand d,». We define the multi-commodity echelon
variables Eﬁkt as:
o%. +ol +o% ifl=0
Ej =1 ol +o2, ifl=1
G2, if | =2.

The multi-commodity echelon formulation (MCE) is then as follows:

Min Z <Z SCitYir -+ Z Z hcng,(.)kt —+ Z Z (hc&,,(r)k — hcpk) Erlk[>

teT \ieF reRk<t reR k<t

+2 <Z Y (hen = hes, ) E%) (2.53)
teT \reRk<t
s.t. (2.46) — (2.52)

Epe 1+ W = Sudy + (1 — 84)EY, VieT,k<teT,reR (2.54)
E} s Wiy = Sudy+ (1= 84 )E}y VieT,k<tcT,reR (2.55)
Bl 1+ W = Sudy + (1 — 84 E, VieT k<teT,reR (2.56)
ES, >E.\,  VieTk<teT,reR 2.57)
E.. >E2% VieT,k<teT,reR (2.58)
ES, EL E%. >0 VieT,k<tcT,reR. (2.59)

Constraints (2.54), (2.55) and (2.56) are the balance constraints for each commodity at the
production plant, at the warehouses and at the retailers respectively. Constraints (2.57)
and (2.58) are the echelon constraints ensuring that the multi-echelon stock at a specific
facility for a specific commodity is greater than or equal to the sum of the multi-echelon

stocks at all its direct successors for the same commodity.

2.3.6 Summary

The formulations previously introduced are extensions of the MIP formulations pro-

posed for the OWMR. For all the formulations presented, the adaptation of the original
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decision variables naturally leads to an increase in their number. For the N and TP for-
mulations, this increase translates into an additionnal dimension with the new subscript &
in the decision variables W, and 8,4 to reflect the third level. For all the other formu-
lations, the increase in the number of decision variables is just the result of the increase
in the number of facilities due to the added third level. Thus, the increase in the number
of decision variables for the N and TP formulations is much higher than for the other
formulations when going from a two-level LSP to a three-level LSP.

Table 2.1 gives a summary of the number of variables (binary and in total) and con-
straints for each formulation, and the paper from which the formulation has been adapted
to our problem. Recall that these papers present a one-level or two-level problem whereas
we consider a three-level problem. Note that, to the best of our knowledge, the ES-N,
ES-F-N, ES-F-TP, ES-F-LS and MCE formulations we propose are completely new. In
Table 2.1, one can see that the richer formulations, i.e., the ones that have more informa-

tion in the decision variables, are the largest ones.

Table 2.1 — Summary of the sizes of all formulations for the 3LSPD

Formulation Binary\/'arlables Total Constraints Reference
C O(|F| x|T|) | O(JF|x|T]) | O(|F| x|T]) | Pochet and Wolsey (2006)
ES O(|F| x|T|) | O(JF|x|T]) | O(JF|x|T]) | Pochet and Wolsey (2006)
ES-N | O(F|x|T]) | O(IF|x|T?) | O(F|x|T|)
ES-TP O(F| x|T]) | O(F|x|T|?) | O(|F|x|T|?) | Solyali and Siiral (2012)
ES-LS O(F| x|T)) | O(JF| x|T]) | O(|F| x|T|?) Barany et al. (1984)
ES-F O(|F| x|T|) | O(JF|x|T]) | O(JF|x|T]) | Federgruen and Tzur (1999)
ES-F-N | O(IF| x|T|) | O(IF| x|T) | O(|F|x I7)
ES-F-TP | O(|F| x|T]) | O([F| x |T) | O(|F|x|T|?)
ES-FLS | O(F|x[T]) | O(F|x|T|) | O(F|x 7]?)
N O(F|x|T|) | O(IR| x|T|*) | O(|R| x|T|?) | Solyali and Siiral (2012)
TP O(F| % |T]) | O(R| < |T|*) | O(R| % |T|?) Levi et al. (2008)
MC O(F| x|T]) | O(R| x|T]?) | O(|R| x |T|?) | Melo and Wolsey (2010)
MCE | O(IF|x|T]) | O(IRI x|T[*) | O(IR[x |T)

41



2.3.7 Analysis of the LP relaxation of formulations

We analyse the strength of the MIP formulations in terms of the objective function
value of their LP relaxation, without considering the production capacity constraint (2.5).
We denote by zfp the objective function value of the LP relaxation of formulation X. The
following example is used to illustrate most of the strict dominance relations between the
formulations. The strict dominance relation between formulations MC and N cannot be
observed empirically on small instances such as the one presented hereafter. However,
we have observed it for large instances in our computational study, for example with
|R| =200 and |T'| = 30.

Example 1. Consider an instance of the 3LSPD with 7 =4, [W| =2 and |R| = 4. Each
warehouse is responsible for two retailers. The first warehouse is responsible for the first
two retailers and the second warehouse is responsible for the other two. We have, for any
t €T, hep = 30, hey,r = 50, hey, = 60, hepyy = 10, heyy = 20, hepyr = 100, hepy = 10,
scpr = 100, ¢y, = 500, sCyyr = 600, scyy; = 100, scp,y = 200, s¢ryp = 300, sc1yy = 50 and
dr, = (10,20,15,10), d,, = (5,30,10,10), d,, = (45,20,20,10), d,, = (10,20, 15,20).
For this instance, the optimal LP solutions values for five of the formulations are zfp =
3903.56, 25515 = 6017.25, 2557 = 6096.343, 7€ = 6750.00 and 2}, = 6750.00.

Proposition 1 establishes dominance or equality relations between the linear program-
ming relaxation of the different formulations presented in this section. These theoretical
results show the superiority of the richer formulations (MC, MCE, TP and N) with respect
to the strength of the linear relaxation but are to be compared with the computational re-

sults on the MIP problems obtained during the numerical experiments in Section 2.4.

Proposition 1.

c ES _ _ES—F S—LS _ ES—F-LS S—N __ _ES-TP
ZLp=2[p=2rp =Zrp  =Irp <zp N =1p
S—F—N S—F—TP c CE
=2Zrp = 2rp <zip=2p =2 <zp (2.60)
Proof. The reader is referred to Gruson et al. (2017) for detailed proofs. O
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2.4 Numerical experiments

In order to assess the strengths and weaknesses of the different formulations, we
conducted computational experiments based on the instances used in Solyali and Siiral
(2012). As we have one more level than in Solyali and Stiral (2012), we slightly adapted
these instances. In our instances, the number of retailers |R| is set equal to 50, 100 or
200. The number of warehouses |W/| is set equal to 5, 10, 15 or 20. We used two dif-
ferent horizon lengths: |T'| = 15 and 30. The demand at the retailers is generated both
in a static and dynamic way from U[5,100]. In the case of a static demand, we have
dyy =d, ¥Vt €T,r €R. The fixed costs at all levels are also generated in a static and in a dy-
namic way. For the production plant, the fixed costs are generated from U[30000,45000].
For the warehouses, the fixed costs are generated from U[1500,4500]. For the retailers,
the fixed costs are generated from U[5,100]. All the demands and fixed costs are gen-
erated as integer values. The unit inventory holding costs are static and are set to 0.25
for the production plant and 0.5 for the warehouses. For the retailers, the unit inventory
holding costs are generated from UJ[0.5, 1]. The holding costs take continuous values. For
each combination of settings, we generate five different instances leading to 480 different

instances to be solved for each formulation.

In order to test our formulations, we additionally define two structures for the distri-
bution network represented in Figure 4.1. In the first structure, we consider a balanced
network where each warehouse has the same number of retailers, except when the num-
ber of retailers is not a multiple of the number of warehouses. In the second structure,
we consider an unbalanced network where 80% of the retailers are assigned to 20% of
the warehouses. For each pair (|W/|,|R|), Tables 2.2 and 2.3 give the number of retailers
assigned to each warehouse for the balanced and unbalanced networks, respectively. Each
structure is tested on the 480 instances we generated.

For the experiments, we used the CPLEX 12.6.1.0 C++ library and turned off CPLEX’s
parallel mode. We set the CPLEX MIP tolerance parameter to 107°. All the other CPLEX

parameters are set to their default value. The computation time limit imposed is 6 hours.
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Table 2.2 — Number of retailers assigned to the warehouses for the balanced network

Number of Number of retailers
warehouses 50 100 200
5 WVweWw 20VweW PVYwew
10 SVweWw WVYweWw 20VweW
15 3ifwe[1,10] 6ifwe [1,5] 141fwe[1,10]
4ifwe[11,15] 7ifwe [6,15] 12ifwe [11,15]
3ifwe |1,10] -
20 2itwe [11,20] SVweWw WOvVweWw

Table 2.3 — Number of retailers assigned to the warehouses for the unbalanced network

Number of Number of retailers
warehouses 50 100 200
40ifw=1 80ifw=1 160ifw=1
5 3ifwe [2,3] Sifwe[2,5] 10ifw € [2,5]
2ifwe [4,3]
10 17ifw e [1,2] 381ifwe[l1,2] 80ifw e [1,2]
2ifwe [3,10] 3ifwe [3,10] 5ifwe [3,10]
9ifwe [1,2] 251w e [1,2] 54ifwe [1,2]
15 Bifw=3 26ifw=3 56ifw=3
2ifw e [4,15] 2ifwe [4,13] 3ifwe [4,15]
Sifwe|l,2]
20 4ifwe[3,4] 17 ifw e [1,4] 3Rifwe[1,4]
2 ifwe [5,20] 2ifw e [5,20] 3ifwe [5,20]

We compare the formulations with respect to different indicators which are (1) the
number of instances for which the MIP is solved to optimality, (2) the CPU time (s) taken
to solve the LP relaxation, (3) the CPU time (s) taken to solve the MIP, (4) the objective
function value of the LP relaxation, (5) the objective function value of the MIP optimal
solution when available, cost of the best solution found otherwise, (6) the number of nodes
in the branch-and-cut tree (7) the integrality gap (%) and (8) the optimality gap (%).

For a particular instance, if we denote by z’L{P the objective function value of the LP re-
laxation with formulation X and by z* the optimal objective function value of this instance
when available (or the best objective function value obtained among all formulations for
this instance otherwise), the integrality gap is computed as (z* — z}L(P) / z*. The optimality
gap is the gap between the best solution found and the best lower bound given by CPLEX

at the end of the CPU time limit.
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In the following sections, results will be reported in two tables. The first table illus-
trates the aggregated results obtained for |T'| = 15 while the second table displays the
aggregated results obtained for |7| = 30. In each table, each row represents the results
obtained for a particular formulation while each column refers to the different indicators
previously defined. In the tables, MIP-opt denotes the number of MIP optimal solutions
obtained (out of 240 instances in each table); LP-CPU and MIP-CPU represent the CPU
time taken to solve the LP and MIP instances, respectively; LP-cost and MIP-cost repre-
sent the cost of the LP and MIP optimal solutions (or best solution found at the end of the
time limit for the MIP solutions), respectively; I-gap gives the integrality gap and O-gap
indicates the optimality gap. In Sections 2.4.1 and 2.4.2 we will report the results for
the uncapacitated and capacitated instances, respectively. In Section 2.4.3, we will per-
form an analysis of the influence of the parameters in our experiments. For more detailed

results, the interested reader is referred to Gruson et al. (2017).

2.4.1 Uncapacitated instances

We first report the results for the balanced network in Section 2.4.1, followed by the
unbalanced network in Section 2.4.1. For the uncapacitated instances, we performed
our experiments on a 3.07 GHz Intel Xeon processor with only one thread. For these
instances, CPLEX was able to find a feasible MIP solution for all uncapacitated instances
with a balanced network and with an unbalanced network. The LP relaxation values
are calculated separately. Note that we do not impose any time limit to solve the LP

relaxations.

Balanced network

In the balanced network, each warehouse is responsible for approximately the same
number of retailers (see Table 2.2). Tables 2.4 and 2.5 illustrate the performance of the
different MIP formulations for |7'| = 15 and |T| = 30, respectively. In Table 2.4, which

presents the results for the small instances, one can see that the formulations MC, MCE, N
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Table 2.4 — Performance of the formulations for the uncapacitated balanced network -

7| =15
Formulation | LP-cost LP-CPU (s) MIP-cost MIP-CPU(s) Nodes MIP-opt I-gap (%) O-gap (%)

C 186156 0.03 327484 8291 71832 157 40.94 2.94
ES 186156 0.02 326906 601 29725 240 40.94 0
ES-N 320903 0.47 326906 117 4253 240 1.62 0
ES-TP 320903 1.69 326906 177 2652 240 1.62 0
ES-LS 320897 1.51 326906 298 1760 240 1.62 0
ES-F 186156 0.03 326906 875 29628 238 40.94 0
ES-F-N 320903 0.7 326906 121 3401 240 1.62 0
ES-EF-TP 320903 1.3 326906 214 3673 240 1.62 0
ES-F-LS 320897 1.12 326906 209 3110 240 1.62 0
N 326887 121.27 326906 74 0.3 240 4.7x1073 0
TP 326832 80.21 326906 82 0.8 240 0.02 0
MC 326832 26.45 326906 36 0.7 240 0.02 0
MCE 326832 37.8 326906 40 0.7 240 0.02 0

Table 2.5 — Performance of the formulations for the uncapacitated balanced network -

7| =30
Formulation | LP-cost LP-CPU (s) MIP-cost MIP-CPU(s) Nodes MIP-opt I-gap (%) O-gap (%)
C 240367 0.07 664638 21600 35357 0 60.86 24.58
ES 240367 0.05 645908 15252 91231 84 60.86 4.03
ES-N 624974 6.77 643306 6070 53463 186 2.77 0.09
ES-TP 624974 30.3 643714 7744 14847 175 2.77 0.64
ES-LS 624935 4.09 644312 9035 4786 160 2.77 0.78
ES-F 240367 0.14 644747 14404 24791 90 60.86 2
ES-F-N 624974 11.14 643863 6271 32941 181 2.77 0.1
ES-F-TP 624974 26.5 643385 8174 23708 173 2.77 0.4
ES-F-LS§ 624935 5.04 643843 9931 17482 155 2.77 0.76
N 643057 27969.13 1068367 9209 0.9 188 0.04 16.86
TP 642779 1901.78 693483 5773.58 24 211 0.08 3.62
MC 642779 826.09 643303 1021.77 5.1 240 0.08 0
MCE 642779 996.56 643303 1276.72 52 240 0.08 0

and TP obtain the best performance in general, with all MIP optimal solutions found, the

lowest MIP-CPU and a value of the LP relaxation which is very close to the optimal MIP

cost. Yet, the LP relaxation for these three formulations is not the same as the MIP optimal

cost, as witnessed by the small but positive values for the I-gap. The impact of the strength

of the LP relaxation can also be seen on the small number of nodes in the branch-and-cut

tree, less than 1 on average. Besides, the MC formulation has the lowest MIP-CPU time

among all formulations. However, the CPU time needed to solve the LP relaxation of

these formulations is much higher than with the other formulations. Note that for the N

46



formulation, the LP-CPU is higher than the MIP-CPU because of the efficiency of the
heuristic used by CPLEX at the root node before going in the branch-and-cut tree. In
general, the high performance of these formulations is also expected because of the rich
information which is contained in the decision variables used for each formulation.

For the small instances, the C formulation obtains the worst results, mainly because
of a poor LP relaxation as shown by the integrality gap reported in Table 2.4. The echelon
stock based formulations can be divided into two groups with formulations ES and ES-F
on one side, and formulations ES-N, ES-TP, ES-LS, ES-E-N, ES-F-TP and ES-F-LS on
the other side. The last six formulations are much stronger than the first two formulations,
as indicated by the integrality gap reported in Table 2.4. They were able to solve all
instances to optimality, which is not the case for the ES and ES-F formulations. This better
performance of these six formulations is easily explained by the use of a reformulation
of the uncapacitated lot sizing structure found in the ES formulation, and the resulting
improved LP bound. The effect of this improved LP bound can also be seen in the number
of nodes in the branch-and-cut tree, which is lower than for formulations C, ES and ES-F,
and in the low I-gap obtained, around 1.6%.

Table 2.5 reports the performance of each formulation for the large instances, with
|T| = 30. The performance of the richer formulations N, TP, MC and MCE is more
contrasted than for the small instances. The number of instances solved to optimality
for the N formulation is much lower than for the three other rich formulations. This
can be explained by the inability of the N formulation to solve the LP relaxation of the
instances in a short time. One can see a similar behavior, but to a lesser extent, for
the TP formulation. This difficulty for the formulations N and TP to even solve the LP
relaxations of many large instances can be explained by the huge number of variables
used in the models when |T'| = 30, which is a major drawback of these two formulations.
This practical drawback is the price one has to pay for the strong LP relaxation given
by these two formulations, as stated by the theoretical results presented in Section 2.3.7.

Finally, the MC formulation still provides the best performances for these large instances,
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both in terms of CPU time to solve the MIP instances and in terms of number of optimal
solutions found within the time limit.

In light of the results provided in Tables 2.4 and 2.5, we can draw the following con-
clusions about the performance of our formulations on an uncapacitated balanced net-
work: (a) the C formulation is the poorest, mainly because of a bad LP relaxation; (b)
applying the echelon stock reformulation to the classical formulation does not have any
impact on the LP relaxation value (as we also theoretically proved), but the results nev-
ertheless show a substantial improvement in CPU time, optimality gap and number of
instances solved to optimality (the conjecture is that because the echelon stock reformu-
lation exposes the single item lot sizing structure at the three different levels, CPLEX is
able to derive better cuts); (c) the echelon stock reformulation can still be improved by
explicitly using one of the lot sizing reformulations at each level, i.e., using formulations
ES-N, ES-TP, ES-LS, ES-F-N, ES-F-TP and ES-F-LS, with ES-N generally having the
best performance among these six formulations; (d) when comparing the various echelon
stock reformulations with the traditional echelon stock constraints (2.10) to their coun-
terpart using the constraint (2.22) proposed in Federgruen and Tzur (1999), we observe
individual differences, but overall no general tendencies appear and the formulations pro-
vide fairly similar results; (e) the N and TP formulations have difficulty to solve the LP
relaxations of some large instances because of the huge size of the model resulting in an
overall substantially weaker performance compared to the best formulation; (f) the MC
formulation performs the best for the balanced network; (g) the results we obtained here
are in line with the ones obtained by Solyali and Stiral (2012) and Cunha and Melo (2016)
for the OWMR.

Unbalanced network

We performed the same experiments as in Section 2.4.1 but considering an unbalanced
distribution network. In the unbalanced network, 20% of the warehouses are responsible

for 80% of the retailers (see Table 2.3). Tables 2.6 and 2.7 illustrate the performance of
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Table 2.6 — Performance of the formulations for the uncapacitated unbalanced network -

T =15
Formulation | LP-cost LP-CPU (s) MIP-cost MIP-CPU(s) Nodes MIP-opt I-gap (%) O-gap (%)
C 177633 0.02 310925 5669 21108 197 40.78 0.66
ES 177633 0.02 310871 602 14711 239 40.78 0
ES-N 300182 0.55 310871 182 4046 240 2.99 0
ES-TP 300182 1.68 310871 262 3084 240 2.99 0
ES-LS 300178 1.6 310871 414 2917 240 2.99 0
ES-F 177633 0.04 310871 1166 17758 240 40.78 0
ES-F-N 300182 0.89 310871 187 3731 240 2.99 0
ES-F-TP 300182 1.92 310871 303 3815 240 2.99 0
ES-F-LS 300178 1.24 310871 372 3509 240 2.99 0
N 310832 125.33 310871 112 1 240 0.01 0
TP 310750 58.37 310871 94 2.7 240 0.03 0
MC 310750 20.33 310871 40 1.6 240 0.03 0
MCE 310750 41.06 310871 48 1.6 240 0.03 0

Table 2.7 — Performance of the formulations for the uncapacitated unbalanced network -

7| =30
Formulation | LP-cost LP-CPU (s) MlIP-cost MIP-CPU(s) Nodes MIP-opt I-gap(%) O-gap (%)
C 231785 0.06 624878 21104 36752 10 60.35 19.39
ES 231785 0.05 613737 14748 26617 91 60.35 4.89
ES-N 583375 8 610963 8690 30169 164 4,14 0.37
ES-TP 583375 29.78 611589 10271 15351 149 4,14 1.36
ES-LS 583349 6.53 612763 12295 7218 128 4,14 1.63
ES-F 231785 0.17 613421 14547 14335 90 60.35 2.99
ES-F-N 583375 20.82 611004 9512 24100 157 4,14 0.45
ES-F-TP 583375 45.58 611424 10510 18438 147 4.14 1.11
ES-F-LS 583349 10.48 612275 11767 10525 130 4.14 1.63
N 610542 11473.94 828581 8019 3.7 204 0.04 9.05
TP 610109 1700.49 705844 6356 14,7 201 0.1 5.55
MC 610109 460.85 610908 1364 19.2 240 0.1 0
MCE 610109 994.48 610908 1476 18.7 239 0.1 0

our formulations for the small and large instances, respectively. In Table 2.6, one can see
that, compared to Table 2.4 and except for the formulation, there is an increase in CPU
time to solve the instances as MIPs. This increase ranges between 0.16% and 78.5% for
the ES formulation and for the ES-F-LS formulation, respectively. conclusions drawn in
Section 2.4.1 for the small instances with a balanced network still hold for an unbalanced
structure of the supply network.

In Table 2.7, one can see that, for the formulation, the performance is worse than in

the case of a balanced network. This difficulty is in particular reflected in the number of
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optimal MIP solutions found, which decreases by a number ranging from O for the MC
formulation and up to 32 for the ES-LS formulation. This indicates that the unbalanced
instances are harder to solve than the balanced instances. This difficulty can be explained
by the fact that, in the network, the warehouses that are responsible for many retailers
represent a much larger MIP to solve. Compared to the balanced instances, we have
thus several big distribution channels to cope with, which makes the instances harder to
solve. Note, however, that formulations C, ES and N were able to find more optimal MIP
solutions for the unbalanced instances.

In light of the results provided in Tables 2.6 and 2.7, we can draw the following
conclusions about the performance of our formulations on an unbalanced network: (a)
the unbalanced instances are generally harder to solve than the balanced instances; (b)
the C, N and ES formulations have a better performance on the unbalanced instances
than on the balanced ones in terms of number of instances solved to optimality; (c) the
other formulations have a worse performance on the unbalanced instances compared to
the balanced ones; (d) the N and TP formulations have a large O-gap for many large
instances; (e) the MC formulation is the best suited for the unbalanced instances since it

is able to solve all instances to optimality with the lowest CPU time.

2.4.2 Capacitated instances

For the capacitated instances, we set the production capacity as a given factor C of the
average total demand. The production capacity imposed is thus C; = CYjep Yrer @ / | T
We additionally consider three different values for the capacity factor C: C € {2,1.75,1.5}.
We performed these experiments on a 6.67 GHz Intel Xeon X5650 Westmere processor
with one thread. Because of the bad performance of the formulations C, ES and ES-F in
the previous section, and based on preliminary results, we decided not to run experiments
using these formulations. For the sake of brevity, we also do not display the results ob-
tained with formulations ES-F-N, ES-F-TP and ES-F-LS as these results were similar to

the ones obtained by formulations ES-N, ES-TP and ES-LS. For the capacitated instances,
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we impose a time limit of 6 hours even to solve the LP instances. Note that we did not get
any infeasible instances during our experiments.

The results of this section will be reported in tables having the same columns as the
tables in Section 2.4.1 plus three additional columns indicating the value of the capacity
factor, the number of LP optimal solutions found within the time limit and the number of
instances for which a MIP solution was found, in columns Capacity, LP-opt and MIP-sol,
respectively. For the columns LP-cost and I-gap, we only report the average cost and
integrality gap obtained, respectively, over instances for which all formulations have both
solved the LP relaxation to optimality and have found a MIP solution within the time limit.
In the same vein, for the columns MIP-cost, Nodes and O-gap, we only report the average
MIP cost, number of nodes and optimality gap obtained, respectively, over instances for
which all formulations have found a MIP solution within the time limit. We first report
the results for the balanced network in Section 2.4.2, followed by the unbalanced network
in Section 2.4.2. Note also that we performed some additional experiments, for which we
present only the general results. Experiments using two and four threads instead of one
indicated that the CPU time needed to solve the instances decreases by a factor of up to
4 for the best performing formulations and for small problems (|7'] = 15). We also per-
formed additional experiments with time-varying capacity on the balanced network with
|T| = 15. The general conclusions on the relative performance of the presented formula-
tions still hold, but the performance of formulations N and TP deteriorated substantially
as indicated by the bad quality of the upper bounds found and the fact that none of the

instances were solved to optimality within the time limit.

Balanced network

Tables 2.8 and 2.9 illustrate the performance of the different MIP formulations for
the different values of the time horizon. When comparing the results with those obtained
for the uncapacitated instances on the balanced network, we can see that they are com-

pletely different. Indeed, the richer formulations have more trouble achieving a good
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Table 2.8 — Performance of the formulations for the capacitated balanced network -

7| =15
Capacity  Formu- LP-CPU MIP-CPU MIP MIP I-gap O-ga
ffctor Jation LP-cost ) LP-opt MIP-cost ©) Nodes opt  sol (f/b )p ( qgo )p

ES-N | 486642 1.06 240 510641 9517 141103 161 207 476  0.06

ES-TP | 486642 2.39 240 510677 10368 38086 151 240 476 0.1

ES-LS | 486634 1.71 240 510675 9030 37634 164 233 476 0.1
2.0 N 400899  173.84 240 511024 17181 4453 8 240 393 092
TP 400800  398.16 240 511809 18104 3372 76 240 3.95 1.14
MC 490800  185.39 240 511242 16582 9398 92 240 395 1.02

MCE | 490800  192.17 240 511042 14988 6901 113 240 395 0.77

ES-N | 549589 1.18 240 572268 11059 118612 142 231 399 031

ES-TP | 549589 2.48 240 572377 15231 47566 80 161 399 032

ES-LS | 549583 1.88 240 572395 14929 43996 83 159 399 032

1.75 N 554709  113.09 240 573023 17532 10690 77 240 314 072
TP 554597  283.63 240 573307 18183 10586 67 240 3.16 1.06

MC 554597  144.67 240 573036 17254 15059 83 240 3.16 0.9

MCE | 554597  153.53 240 572939 17060 12081 83 240 3.16 0.8

ES-N | 574785 1.7 240 583124 13304 184360 116 198 141 0.15

ES-TP | 574785 2.71 240 583221 14764 74318 99 210 141 0.22

ES-LS | 574779 3.1 240 583280 13069 52541 112 190 141 0.22

1.5 N 579363  124.95 240 583690 18349 12262 62 212 064 0.24
TP 579287  360.09 240 584047 18712 11320 55 227 0.66 032

MC 579287  136.62 240 583888 17126 19018 75 238 0.66 023

MCE | 579287  156.63 240 583528 16941 20167 78 234 0.66 021

performance in terms of CPU time, MIP cost, number of MIP optimal solutions found
and optimality gap. On the contrary, the echelon stock formulations have a better perfor-
mance than the richer formulations on these indicators. This difference in performance
is even more pronounced when the capacity level gets tighter. This indicates that the
capacity constraint has a major impact on the performance of the formulations. Despite
the properties related to the strength of their LP relaxation for the uncapacitated case, the
richer formulations seem to be less adequate to handle capacitated instances.

We also see that the MC formulation does not perform the best for the capacitated
instances on the balanced network. The best performance, in terms of MIP-CPU time,
number of optimal solutions found and optimality gap, is obtained by one of the echelon
stock formulations, depending on the capacity level. Within the richer formulations, our
newly introduced MCE formulation performs the best on average. Note also that the addi-

tion of the capacity constraint makes the problem harder, as stated by the increase in CPU

52



Table 2.9 — Performance of the formulations for the capacitated balanced network -

IT| =30

Capacity Formu- LP-CPU MIP-CPU MIP MIP I-gap O-ga
factor lation LP-cost © LP-opt MIP-cost ) Nodes opt sol (go )p ( 07% )p

ES-N 907807 18.72 240 922301 21544 113942 2 240 1.5 0.9

ES-TP | 907807 24.31 240 923143 21576 26371 1 240 1.5 1.05

ES-LS | 907778 7.91 240 923508 21538 27768 2 231 L5 0.98
2.0 N 913381  7689.24 191 1112999 21706 94 0 141  0.89 14.28
TP 913184  8999.21 193 1288961 21867 66 0 191 091 21.71

MC 913184  2626.04 240 934216 21601 1441 0 240 091 1.43

MCE 913184  2522.05 240 028742 21603 1622 0 240 091 1.43

ES-N | 1014806 17.06 240 1056456 21600 42768 0 234 379 339

ES-TP | 1014806 21.94 240 1055172 21563 28240 2 236 379 095

ES-LS | 1014785 8.75 240 1055736 20914 36048 13 128 379  0.59
1.75 N 1019421  6634.88 202 1273297 21673 56 0 131 335 1742
TP 1019195  7936.58 203 1321777 21737 44 0 210 337 19.58

MC 1019195  2460.44 240 1063381 21602 1281 0 240 337 404

MCE | 1019195 2196.98 240 1063581 21473 2136 6 239 337 275

ES-N | 1149701 18.96 240 1172770 21562 68917 1 194  1.74 1.39

ES-TP | 1149701 25.97 240 1174267 21588 26223 1 169 174 1.43

ES-LS | 1149660 10.5 240 1175080 21500 32601 2 193 174 1.3

1.5 N 1160244  5867.03 218 1300323 21701 208 0 181 091 9.07
TP 1160088  6773.7 222 1298666 21782 182 0 213 092 897

MC 1160088 2257.01 240 1199898 21600 1940 0 240 092 274

MCE | 1160088  1947.3 240 1191768 21600 1825 0 240 092 228

time to solve both the MIP and LP instances. This difficulty is also apparent by observing
that the number of MIP solutions found is not equal to the number of instances present in
the data set used for the experiments. Finally, note that in Table 2.9, for formulations N,
TP, MC and MCE, the values obtained for O-gap is higher than the values obtained for
I-gap. Since the I-gap is calculated relative to the optimal or best solution found among
all formulations this indicates that these formulations have a good LP relaxation but are

unable to provide a MIP solution with a low objective function value.

Unbalanced network

Tables 2.10 and 2.11 illustrate the performance of the different MIP formulations on
the unbalanced instances for the different values of the time horizon and capacity level.
If we compare the results with those obtained for the uncapacitated instances on the un-

balanced network, we can see similar differences as the ones observed in Section 2.4.2.
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Table 2.10 — Performance of the formulations for the capacitated unbalanced network -

T| =15
Capacity Formu- LP-CPU MIP-CPU MIP MIP I-gap O-ga
faotor lation | POy  LPopt MIP-cost © Nodes "0 (a )p “ )p
ES-N | 478953 1 240 504744 1264 28050 238 238 515 0
ES-TP | 478953 1.96 240 504744 2107 22230 236 240 5.15 0
ES-LS | 478950 1.28 240 504744 1531 13069 239 240 5.15 0
2.0 N 485877  118.19 240 504904 13804 5406 144 239 382 031
TP 485819  302.27 240 505029 13626 4473 142 240 383 046
MC 485819  142.82 240 504920 12935 6093 130 239 383 042
MCE | 485819  129.69 240 504851 11099 6894 155 237 383 024
ES-N | 526251 1.06 240 549514 2225 45995 238 240 4.27 0
ES-TP | 526251 2.01 240 549524 3193 28369 227 240 427 0.01
ES-LS | 526248 1.46 240 549516 2434 25884 236 239 427 0
1.75 N 532584  106.24 240 549853 15214 7213 119 240 3.14 036
TP 532528  391.23 240 550351 16144 5282 9% 240 3.15 0.95
MC 532528  125.55 240 549761 14359 10031 113 240 3.15 0.56
MCE | 532528  122.02 240 549700 12874 11765 141 240 3,15 041
ES-N | 568713 1.19 240 577246 5628 129453 203 222 148 0
ES-TP | 568713 2.03 240 577254 8292 82476 174 204 148  0.02
ES-LS | 568710 1.54 240 577264 7253 102830 185 215 148 0.02
1.5 N 573416  105.81 240 577546 17308 14994 77 238 0.68 0.14
TP 573355 32195 240 577558 17069 15284 81 239 069 0.4
MC 573355 130.26 240 577413 14334 26345 110 234 0.69  0.09
MCE | 573355 134.1 240 577386 14169 34757 114 236 0.69  0.08

The richer formulations also have more trouble obtaining a good performance than on the
uncapacitated instances. They have a worse performance than the echelon stock formu-
lations on numerous performance indicators, such as the number of best solutions found,
which is generally much higher for the echelon stock formulations. Within the richer for-
mulations, the MCE formulation still has the best performance on average. Note finally
that, compared to the balanced structure, the unbalanced structure of the supply network
combined with the production capacity restriction results in general in better values for
the number of MIP solutions found and for the number of MIP optimal solutions found.
In light of the results provided in Tables 2.8 - 2.11, we can draw the following con-
clusions about the performance of our formulations on capacitated instances: (a) the ca-
pacitated instances are harder to solve than the uncapacitated instances; (b) the richer for-
mulations have a relative worse performance than on uncapacitated instances compared

to the echelon stock formulations; (¢) the echelon stock formulations are better than the
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Table 2.11 — Performance of the formulations for the capacitated unbalanced network -

7| =30

Capacity  Formu- LP-CPU MIP-CPU MIP MIP I-gap O-ga

factor lation LP-cost ©) LP-opt MIP-cost ) Nodes opt sol (go )p ( (‘72 )p
ES-N 886871 13.45 240 908524 19921 62720 27 239 224 1

ES-TP | 886871 16.8 240 909227 20267 30783 22 240 224 1.24

ES-LS | 886856 9.8 240 910133 20163 22140 24 219 224 1.24

2.0 N 897248  6767.62 200 1095597 21673 108 0 155 1.14 14.13
TP 897096  8348.99 203 1077364 21706 124 0 194 115 12.51

MC 897096 2226.9 240 919258 21481 1558 3 240 1.15 1.92

MCE 897096  1806.59 240 919104 21523 1994 4 240 1.15 1.86

ES-N 983612 17.08 240 1029626 21465 32601 2 240 434 3.56

ES-TP | 983612 18.61 240 1028846 20596 25641 18 240 434 1.09

ES-LS | 983594 10.65 240 1029850 20653 29067 16 236 434 1.12

1.75 N 993223  6127.87 212 1197855 21691 98 0 178 343 1445
TP 993072  7664.68 208 1182565 21788 116 0 201 345 13.25

MC 993072  2052.43 240 1041875 21600 1604 0 239 345 4.34

MCE 993072  1608.27 240 1037816 21229 2236 10 240 345 2.58

ES-N | 1078552 18.64 240 1104468 20795 45636 14 239 217 1.31

ES-TP | 1078552 21.21 240 1105210 20908 31171 10 236 217 14

ES-LS | 1078537 12.15 240 1105338 20800 25449 13 159 2.17 1.28
1.5 N 1091771  5397.68 218 1260172 21311 173 0 203 1.04 1144
TP 1076552  6687.1 217 1268325 21839 142 0 182 211 11.96

MC 1091655 1982.83 240 1120214 21526 2426 2 240  1.05 2.15

MCE 1091655  1472.36 240 1114113 21552 3599 1 240 1.05 1.64

richer formulations; (d) within the richer formulations, the MCE formulation has the best

performances.

2.4.3 Influence of the parameters

Table 2.12 reports the performance of the MC formulation for all experiments with

a balanced uncapacitated network and with |T'| = 30. The first two columns indicate the

parameter that varies and the respective values taken by the parameter. We only report

here the results for the MC formulation with a balanced network. Since most of the

following conclusions also apply for the other formulations and for the experiments with

an unbalanced network. The findings that are specific to this formulation are discussed at

the end of this section. All the other results are available in Gruson et al. (2017).

In Table 2.12, one can see that when |R| increases, the problems gets harder and the

CPU time taken to solve both the LP and MIP instances increases. On the contrary, when
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Table 2.12 — Performances of the MC formulation for the uncapacitated balanced
network - |T| = 30

Parameter | Value | LP-cost LP-CPU(s) MIP-cost MIP-CPU(s) Nodes MIP-opt I-gap (%) O-gap (%)
50 423630 60.36 423765 88.07 1.9 80 0.04 0
IR] 100 | 609655 414.54 610096 643.15 4.5 80 0.08 0
200 | 895053 2003.37 896048 2334.08 8.8 80 0.12 0
5 540034 587.33 541416 1451.26 14.8 60 023 0
W 10 621960 912.23 622489 1095.86 3.5 60 0.07 0
15 678045 1023.23 678196 827.76 1.5 60 0.02 0
20 731078 781.58 731111 712.18 05 60 0 0
Coss SF 658846 1040.45 659632 1508.85 8.6 120 0.12 0
DF | 626713 611.74 626974 534.68 1.6 120 0.04 0
Demand SD | 644294 840.35 644921 1077.51 6.4 120 0.1 0
DD | 641265 811.84 641685 966.03 3.7 120 0.06 0

|W| increases, the CPU time taken to solve the MIP instances decreases. Indeed, with the
same number of retailers, if the number of warehouses increases, the supply network has a
smaller number of channels linked to each warehouse. This leads to a smaller problem per
warehouse and makes the global problem easier to solve, thus reducing the CPU time and
the number of nodes. The integrality gap is also lower but less significantly. Table 2.12
indicates that for the MC formulation, generally the instances with dynamic fixed costs
are much easier to solve compared to the instances with a static fixed cost. We further note
that the dynamic demand case is generally slightly easier to solve than the static demand
case.

Finally, the detailed results provided in Gruson et al. (2017) illustrate the fact that the
impact of the setting of the parameters (static or dynamic demand, static or dynamic fixed
cost), depends on the kind of formulation used. For the C formulation, apart from the
very small instances where |R| =50 and |T'| = 15, the instances with a dynamic fixed cost
are harder to solve, thus requiring a higher CPU time. For the ES-N, ES-TP and ES-LS
formulations, the instances with a dynamic fixed cost are also harder to solve. On the
contrary, for the N, TP and MC formulations, the instances with a static fixed cost are
harder to solve in terms of CPU time required. For the ES and ES-F formulations, there
is no clear impact of the setting of the parameters on the CPU time required to solve the

instances. Note, however, that this result does not question the higher global performance
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of the MC formulation stated in the previous sections.

2.5 Conclusions

We have extended eight MIP formulations proposed in the context of the OWMR
and have applied them to the 3LSPD. We also introduced the ES-N, ES-F-N, ES-F-TP,
ES-F-LS and MCE formulations that had not been tested before in the context of the
OWMR. For our numerical experiments, we have considered two network structures (a
balanced one and an unbalanced one) and have assessed the performance of the formula-
tions proposed using several indicators. We have also considered the possibility of having
production capacities at the plant level. The results indicate that, for the uncapacitated
case, the unbalanced instances are harder to solve than the balanced instances and lead to
a worse performance of all formulations, except for the C formulation. On the contrary,
for the capacitated case, the unbalanced instances give better values for our different per-
formance indicators compared to the balanced instances. The MC formulation obtains the
best performance on the uncapacitated instances and is able to solve all instances for both
network structures. This result is similar to the conclusion of Cunha and Melo (2016)
for the OWMR. The other formulations obtain results that are not entirely satisfactory
for the uncapacitated instances. In particular, for the rich formulations TP and N, the
non-satisfactory performances on the large instances, in terms of number of MIP optimal
solutions found and CPU time, are due to the huge size of the model. As a consequence, it
is already very time-consuming to solve the LP relaxation of these formulations. When we
impose capacity restrictions for production at the plant level, the performance of the for-
mulations are reversed: the rich formulations have a worse performance and the echelon
formulations have the best performance. Within the rich formulations, for the capacitated

instances, our newly introduced MCE formulation generally has the best performance.

In light of the results obtained, we recommend that researchers and decision-makers
interested in solving integrated lot sizing and replenishment problems with a distribution

structure carefully choose the formulation they will use to model their problem. Despite
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theoretical advantages, richer formulations are not necessarily the ones who obtain the
best performances, both in terms of CPU time taken to solve the problem and of the
quality of the solution obtained. On the contrary, this choice should be guided by (1)
the structure of the distribution network (balanced or unbalanced), (2) the presence of

production capacity restrictions and (3) the settings of the parameters of the problem.
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Chapitre 3

Dantzig-Wolfe decomposition for a
capacitated three-level lot sizing and
replenishment problem with a

distribution structure

Abstract

We address in this chapter a capacitated version of the three-level lot sizing and re-
plenishment problem with a distribution structure (3LSPD). We propose to use a Dantzig-
Wolfe decomposition to efficiently solve this version of the problem, using a branch-and-
price algorithm we develop. We take advantage of the substructures highlighted in the de-
composition and design efficient procedures to solve the different subproblems obtained.
We also propose several computational enhancements to speed up the solution process.
We finally perform numerous computational experiments to assess the performance of our
decomposition approach and see the impact of our enhancements. The branch-and-price

algorithm we designed did not obtain better performance than the CPLEX solver only.
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Figure 3.1 — Graphical representation of the problem considered

3.1 Introduction

We address here an integrated three-level lot sizing and replenishment problem with a
distribution structure (3LSPD) as introduced in Gruson et al. (2019). We consider a gen-
eral manufacturing company that has one production plant (level one), several warehouses
(level two) and multiple retailers (level three) facing a dynamic and known demand for
one item over a discrete and finite time horizon. The supply chain considered has a dis-
tribution structure: the warehouses are all linked to the single plant and all retailers are
linked to exactly one warehouse. When we consider the demand of a particular retailer,
the flow of goods in the supply chain network is hence as follows: an item is produced at
the production plant, then sent to the warehouse for storage and finally sent to the retailer
to satisfy its demand. Figure 3.1 illustrates this flow of goods in a distribution network
which consists of one production plant, three warehouses and three retailers linked to each
warehouse.

The objective of the problem is to determine the optimal timing and flows of goods be-

tween the different facilities while minimizing the operational costs in the whole network
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(sum of the fixed setup and transportation costs and unit inventory holding costs). Note
that the problem considered here can be viewed as an extension of the one-warehouse
multi-retailer problem (OWMR) to three levels. In the OWMR, a central warehouse re-
plenishes several retailers that face a dynamic demand for one or several items over a
discrete and finite time horizon. The objective of the OWMR is to jointly determine the
optimal timing and quantities that are shipped between the warehouse and the retailers to
minimize the sum of setup costs and unit inventory holding costs of the whole system. In
the 3LSPD, transfers of goods between the warehouses and between the retailers are not
allowed. Finally, we only consider direct shipments and do not incorporate any routing
in the transportation decisions. Note that in a disaggregated context, the problem faced
by any facility can be seen as the basic lot sizing problem (LSP). This basic LSP has
stimulated a lot of research since the seminal paper of Wagner and Whitin (1958) who
proposed a dynamic programming approach to solve the single item uncapacitated lot siz-
ing problem (SI-ULSP). The reader is referred to Brahimi et al. (2017) and to Pochet and
Wolsey (2006) for a review of the work done on the SI-ULSP and its extensions, and to
Jans and Degraeve (2006) for a review of industrial applications.

We consider here that there are production capacity requirements at the plant. The
production capacity is constant through time. We do not consider any other capacity
restrictions. Note that with the addition of the capacity constraints at the production plant
level, the problem faced by the production plant can be seen as a basic capacitated lot
sizing problem (CLSP). The reader is referred to Karimi et al. (2003) for a review of
models and algorithms used to solve the CLSP.

In a prior work, we compare thirteen MIP formulations for the problem and run ex-
periments both on balanced and unbalanced supply chain networks (in the unbalanced
network, 80% of the retailers are served by 20% of the warehouses while in the balanced
network the same number of retailers is linked to each warehouse) using a general-purpose
solver. The experiments are done both with and without production capacity restrictions

at the plant. The results indicate that the strongest formulation, in terms of the value
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of the linear relaxation, are not necessarily the best one in practice, especially when we
solve large instances. Indeed, it takes too much CPU time to solve the different instances
when the strong formulations are used. On the contrary, other formulations, less strong
in theory, manage to obtain solutions of better quality in the same amount of time. This
is mainly explained by the size of the strongest formulations compared to the size of the
less strong ones. Results also indicate that the unbalanced instances are harder to solve.

The motivation to apply decomposition methods on the capacitated 3LSPD is to im-
prove the results obtained in Gruson et al. (2019). In particular, we want to improve the
CPU time taken to solve the different instances and improve the optimality gap obtained
in their experiments. To do so, we apply a Dantzig-Wolfe reformulation to the capacitated
version of the 3LSPD and solve it using a branch-and-price algorithm we develop.

This chapter makes two main contributions. First, we extend the work done in Gruson
et al. (2019) by applying a decomposition method to the capacitated version of the prob-
lem. The decomposition method highlights the substructures that appear in the echelon
stock formulation proposed in Gruson et al. (2019). We also develop a branch-and-price
algorithm to solve this capacitated version of the 3LSPD. This algorithm takes advantage
of the substructures revealed by the use of Dantzig-Wolfe decomposition. We further in-
corporate computational enhancements in this algorithm to speed up the solution process.
Each enhancement tackles one specific issue raised in the literature when using branch-
and-price algorithms.

The remainder of this chapter is organized as follows. First, we survey the work
linked to our study in Section 3.2. Then, we give a formal model of the Dantzig-Wolfe
reformulation in Section 3.3. In this section, we also present the original formulation on
which we apply Dantzig-Wolfe reformulation. Section 3.4 gives the details of the branch-
and-price algorithm we designed, along with computational enhancements. Section 3.5
details the computational results obtained to assess the performance of the branch-and-
price algorithm, and to analyze the impact of the improvements we add to the initial

branch-and-price algorithm we develop. This is followed by the conclusion in Section 3.6.
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3.2 Literature review

To the best of our knowledge, the application of Dantzig-Wolfe decomposition in
pure lot sizing problems is relatively scarce. Degraeve and Jans (2007) address the CLSP
with setup times and propose a Dantzig-Wolfe reformulation. Although Manne (1958)
had already proposed such a reformulation, they highlight the fact that, because the in-
tegrality requirements are imposed at the master level, an optimal integer solution may
not be found. They overcome this drawback by giving an exact Dantzig-Wolfe refor-
mulation to the original CLSP with setup times. They finally design a branch-and-price
algorithm to solve the problem. This work was used as a starting point in Caserta and
Vo3 (2013) where the authors develop a matheuristic exploiting the structures that were
highlighted in the Dantzig-Wolfe reformulation proposed in Degraeve and Jans (2007).
De Araujo et al. (2015) also study the multi-item CLSP with setup times. They develop
a branch-and-price heuristic based on two strong reformulations of the multi-item CLSP
with setup times. Those two reformulations are based on the shortest path and the facility
location reformulations for the single item lot sizing problem. The authors develop period
Dantzig-Wolfe decompositions and design a specific algorithm to solve the subproblems.
They further use a lagrangian relaxation scheme to solve the restricted master problem by
dualizing the linking constraints, and to obtain new columns for their column generation
algorithm. They finally use a heuristic rule to fix to a certain value the setup variables
that are above or beyond a certain threshold. In the same vein, Fragkos et al. (2016)
propose horizon decomposition. They also study the multi-item CLSP with setup times
and apply a Dantzig-Wolfe decomposition to a model that includes the idea of horizon
decomposition. The principle of horizon decomposition is to decompose the problem in
several subproblems of identical structure but with a shorter time horizon than the original
problem. In their decomposition, the horizon of the different subproblems have overlaps.
This is done to increase the exchange of information between the different subproblems.
The reformulation is solved using a branch-and-price algorithm. While the works of De-

graeve and Jans (2007) and Caserta and Vo8 (2013), and the works of De Araujo et al.
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(2015) and Fragkos et al. (2016) decompose the subproblem per item and per period, re-
spectively, Pimentel et al. (2010) had proposed earlier to decompose the subproblem per
item and period, still using Dantzig-Wolfe decomposition. They develop a branch-and-
price algorithm based on such decomposition and report better lower bounds than the ones
obtained when the subproblem is decomposed per period or item only.

In the context of stochastic lot sizing, Tempelmeier (2011) uses a set partitioning
formulation for a dynamic CLSP with random demand. The author imposes a fill rate
constraint and uses column generation to solve the problem. The Dantzig-Wolfe decom-
position is not explicitly mentioned in this work but the model proposed (set partitioning)
can easily be related to it.

Regarding integrated problems such as the inventory routing problem (IRP), Le et al.
(2013) use a column generation based heuristic for a case with perishability constraints.
In a tactical planning setting, Michel and Vanderbeck (2012) develop a branch-and-price-
and-cut algorithm after applying Dantzig-Wolfe decomposition to their IRP, where their
main objective is to cluster the customers rather than defining the actual sequence of vis-
its, i.e., the routes. In the same vein but in the context of the production routing problem
(PRP), Mourgaya and Vanderbeck (2007) also use Dantzig-Wolfe decomposition and de-
velop a column generation algorithm to choose clusters of customers that are then used as
starting points to build routes. Finally, still in the context of the PRP, Bard and Nananukul
(2010) also apply Dantzig-Wolfe decomposition and develop a branch-and-price algo-
rithm that combines both exact and heuristic procedures. They further incorporate effi-
cient branching strategies to escape the degeneracy issue often encountered in column
generation. Regarding integrated problems, the use of Dantzig-Wolfe reformulation can
also be encountered in integrated lot sizing and scheduling problem, see, e. g., Duarte and

de Carvalho (2013).
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3.3 Dantzig-Wolfe reformulation

In this section we apply a Dantzig-Wolfe reformulation to the echelon stock formula-
tion for the 3LSPD as introduced in Gruson et al. (2019). We start by giving some general
notation for the problem. Let G = (F,A) be a graph where F is the set of nodes (facilities
in our problem) and A is the set of arcs. Let P = {p} C F be the set containing the unique
production plant, W C F' be the set of warehouses and R C F be the set of retailers. Fol-
lowing the problem description in Section 3.1, we have F = PUW UR. Let 6(i) be the
set of all direct successors of facility i and J,,(r) be the warehouse linked to the retailer
r € R. Let d,; be the demand for retailer » in period 7. The notion of the demand faced
by any retailer is extended to the warehouses and to the production plant in the following

fashion:
Yrerdrn ifi=p
Zr€6(i) dy ifiecW.

diz =

Using the notion of the demand faced by any facility, we introduce D;;, the total demand
between period ¢ and the end of the time horizon computed as Dj; = Y >, di¢. Similarly,
we introduce, for any facility i, the demand between periods k and ¢ as diy = Yp<i<; di-
Let scp, scyr and sc,, be the fixed production costs, the fixed transportation cost between
the plant and warehouse w, and the fixed transportation cost between retailer r and its
warehouse, respectively. Let hc;; be the unit inventory holding cost of facility i in period
t. In the following sections, we do not include any unit production cost since the total
production cost is a constant when all the demand is satisfied. The same holds for the unit

transportation cost. Finally, let C be the available production capacity in any period z.

3.3.1 The echelon stock formulation

In this section we present the formulation that will be used as a basis for the use
of Dantzig-Wolfe reformulation. The formulation we take as a basis is the echelon stock
formulation proposed by Gruson et al. (2019) for the 3LSPD. For each period, the echelon

stock of a specific facility represents the total inventory present at this facility and at all its
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descendents. This concept has been used, among others, by Federgruen and Tzur (1999).

Let Iy, I,y and I,; be the echelon stock of the production plant, the warehouses and
the retailers in period ¢, respectively. Let x;; represents the production quantity in period
t if i = p and the quantity ordered from the predecessor if i € W UR. Finally, let y; be a

boolean setup variable taking value 1 iff x;; > 0. The echelon stock formulation (ES) is as

follows:
Min Z Z SCitVir + Z hepelpe + Z (heyw — hepr) Lo + Z (hc,-t — hc5w(r)t) Ly
teT \JeF pEP weW reR
(3.1
st Ly + x5 = dy + Iy VieT,ieF (3.2)
Xit S Dityit V e T,l - F (33)
Xpr < min{C,Dpt }yp VieT (3.4)
Li> Y I VieT,i€ PUW (3.5)
Jjed(i)
th,]iz ZO \/IET,ZEF (36)
yir € {0,1} VteT,ieF. (3.7)

The objective function (3.1) minimizes the sum of the fixed setup and replenishment costs
and of the unit inventory holding costs. Constraints (3.2) are the inventory balance con-
straints using the echelon stock variables. Constraints (3.3) are the setup forcing con-
straints for all facilities. Constraints (3.4) are the capacity constraints at the production
plant. Constraints (3.5) are the echelon stock constraints ensuring that the echelon stock
at a specific facility is greater than the sum of the echelon stocks at all its direct succes-
sors. These constraints come from the non-negativity of the stock on hand at the end of
any period. Finally, constraints (3.6)-(3.7) define the bounds and domains of the decision

variables.

3.3.2 The reformulation

With the introduction of the echelon stock variables, the ES formulation presented be-

fore has the advantage of containing a SI-ULSP substructure in constraints (3.2), (3.3) and
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a SI-CLSP substructure in constraints (3.2), (3.4). We want to exploit these substructures
by applying a Dantzig-Wolfe decomposition to the ES formulation presented before. The
Dantzig-Wolfe decomposition, proposed by Dantzig and Wolfe (1960), can be seen as a
special variable redefinition where the original variables are replaced by a convex combi-
nation of the extreme points of several subsystems, in case the subsystems are bounded.
In our case, the subsystems are the SI-CLSP for the production plant and one SI-ULSP
for any other facility. Therefore, we face bounded polyhedrons because we have finite
demand and no negative costs. Besides, the LP relaxation of the Dantzig-Wolfe reformu-
lation has a better bound than the original LP relaxation, unless the subsystems have the
integrality property.
Let X' be the set of solutions to the SI-CLSP for the production plant or to the SI-
ULSP for any other facility i € W UR. Let also conv(X?) be its convex hull. We define
= (xf,If,¥F) to be an extreme point of conv(X’) where x¢ = {x¢,,x5, ..., I?ITI}’ If =
{15,15, ..., iITI} and y§ = {yi1>yi2>"'>yi|T[}' With each extreme point of conv(X’), we
associate a variable 7. If we denote by C(i) the set of all extreme points of conv(X?), the
Dantzig-Wolfe reformulation, which we denote as ES-DW, gives:

MinZ(Z Y seiyib6i+ Y hepls05+ Y Y (hew —hep) IS,65

teT \i€F ceC(i) ceC(p) weW ceC(w)

+Z Z (]’lCr,—/’l65w ))Ift9r> (38)

reRceC(r)

st. Y 6> Y Y I56f VteT,ic PUW (3.9)
ceC(i) JES(H)ceC())
Y or=1 VieF (3.10)
ceC(i)

yi= Y, ¥i6f VteT,ieF (3.11)

ceC(i)
Xip= Yy x56f VteT,ieF (3.12)

ceC(i)
Ii=Y I6f VieT,ieF (3.13)

ceC(i)

71



yir €{0,1} VieT,ieF (3.14)
65 >0 Vi€ F,ceC(i). (3.15)

Constraints (3.9) are the echelon stock constraints and (3.10) are the convexity con-
straints. Constraints (3.11)-(3.13) express the links between the extreme points of the
subsystems and the original setup, production and echelon stock variables, respectively.
Note that here the capacity requirements (3.4) are hidden in the 6y variables for the pro-
duction plant. We could have explicitly put the capacity requirements in the reformulation
but initial experiments have shown that it is better to put them in the production plant sub-
system. Note that when one wants to solve the LP relaxation of this problem, it is also
possible to drop constraints (3.11)-(3.13).

The main challenge with this reformulation is that the sets C(i) for any i € F may
contain a huge number of extreme points, leading to a huge number of variables 6f.
The idea is therefore to use an iterative procedure which will allow us to work with a
subset of the 6 variables in a so called restricted master problem (RMP) and generate
new ones as needed. This is done thanks to a column generation algorithm. The column
generation procedure allows to generate dynamically the columns, i.e., the 8 variables,
whose reduced costs are negative, through the resolution of different subproblems. Each
subproblem represents either the SI-CLSP for the production plant or a SI-ULSP for any
other facility, and there is one column generated per subproblem. The column generation
procedure stops when there are no more columns of negative reduced costs that can be
generated for any subproblem.

Let &, (i) be the direct predecessor of facility i € W UR. If we denote by 7;; and A’
the dual variables linked to constraints (3.9) and (3.10), respectively, a subproblem for

facility i € W UR is defined by:

Min Z (Sc,'zyi, + (hCit — hcc‘i,,(i)t + s, (i) — ﬂi;) Izt) Y (3.16)
teT

s.t. (3.2)—(3.3),(3.6) = (3.7).

72



Note that for each facility i € W UR, only the constraints (3.2) - (3.3) and (3.6) - (3.7) for
this specific facility apply. This subproblem can be efficiently solved in O(]T|log|T]) by
a dynamic programming algorithm as described in Wagelmans et al. (1992).

For the production plant, the subproblem is defined by:

Min Y (sciyie + (heie — i) L) — Al (3.17)
teT

s.t. 3.2)—(3.4),(3.6) —(3.7).

As we consider a constant capacity C available in each time period, this subproblem can
be efficiently solved in O(|T|?) by a dynamic programming algorithm as described in van

Hoesel and Wagelmans (1996).

3.4 A branch-and-price algorithm

This section presents the details of the branch-and-price algorithm we developed to
solve the problem. The column generation procedure only allows us to solve the LP re-
laxation of the formulation ES-DW. Therefore, to fully solve the problem, we developed
a branch-and-price algorithm. A branch-and-price algorithm is similar to a branch-and-
bound algorithm in the sense that there is a tree with nodes whose LP relaxation is solved,
and there are branching decisions linking the different nodes. In a branch-and-price algo-
rithm, each node represents a restricted master problem whose LP relaxation is solved by
a column generation procedure. This restricted master problem contains only the columns
generated so far in the tree. Moreover, the branching decisions are transposed not only in
the tree but also in the different subproblems. The remainder of this section gives details

about the different elements of the branch-and-price algorithm we developed.

3.4.1 Initialization of the algorithm

To start the algorithm, we need some initial columns to feed the solver, i.e., we need

some initial 8 variables. The quality of the initial columns is an issue that has been raised
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in the column generation literature, see in particular Liibbecke and Desrosiers (2005b).
In our algorithm, we generate several initial columns depending on the subproblem con-
sidered. For the production plant, we generate a unique initial column where produc-
tion takes place at full capacity C from period 1 up to period #' where ¢’ is defined as
|dp1j71/CJ. We then impose production in period ¢+ 1 and the quantity produced is
dp1jr| — Ct'. This ensures a feasible solution since the production capacity is never ex-
ceeded. Note that if dp,y )7 = Ct' we do not impose any production nor setup in period
'+ 1.

For the other facilities i € W UR, we generate two sets of initial columns. The first
column is the Wagner-Within plan linked to the considered facility. To obtain this column,
we solve the basic SI-ULSP linked to the facility by means of a dynamic programming
algorithm as described in Wagelmans et al. (1992). The second column generated is
obtained by ordering d;;|r| in the first period. This column is feasible for the warehouses
and retailers, since they are not constrained by any ordering capacities, but not overall

feasible, because of the production capacity requirements.

3.4.2 Branching decisions

In the branch-and-price tree, branching decisions must be made. These branching
decisions are made on the original setup variables y; to keep a more balanced search tree.
Having a more balanced search tree has proven better for branch-and-price algorithms as
stated in Barnhart et al. (1998) and Vanderbeck (2000). The branching decisions translate
into slight changes in the different subproblems we solve. When the branching decision
impose a setup, i.e., when we impose y; = 1 for some facility i in some period ¢, we
temporarily set the setup cost to 0: sc;; = 0. We then solve the subproblem as usual and
obtain a column c representing an extreme point of the polytope conv(X?). We then check
if there is actually production/an order placed in period ¢, i.e., we check if y§, > 0. If not,
we enforce yf, = 1 and adjust the cost of the column. This way, we are not misleading the

algorithm towards production/order in period ¢.
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When the branching decision imposes that there must be no production/order placed
in period ¢, we temporarily put a prohibitive setup cost: sc; = M, where M is a very
large number. This way, we ensure that there will never be any production/order placed

in period 7.

3.4.3 Improvements

Numerous authors have highlighted several main drawbacks of the column generation
procedure, see Liibbecke and Desrosiers (2005a) for instance. The first drawback is the
tailing-off effect which can be defined as the fact the lower and upper bounds slowly
converge towards each other. The second main drawback is the big variations of the dual
values 7; and A’ during the iterations of the column generation procedure. Indeed, it
has been observed that the dual variables do not converge smoothly towards their optimal
values, see Liibbecke and Desrosiers (2005a). We added several improvements to our

basic branch-and-price algorithm to tackle these two difficulties.

Lagrangian relaxation

We first tackle the tailing-off effect by adding columns with a different structure than
the ones generated through the resolution of our basic subproblems. Indeed, if, in for-
mulation ES, we relax the echelon-stock constraints (3.5) in a lagrangian fashion with

positive multipliers o, we obtain the following model:

Minz (E SCitYir + Z (hepr — Otpy) I + Z (Ot 4+ ey — hepr — awt>1wt>

teT \ieF pEP weW
YUY (s, +hen —hes, oy ) I | (3.18)
teT \rer
st Ly +xip = dy +1y VteT,icF (3.19)
xit < Diryis VteT,ieF (3.20)
xpr < Cyir YieT (3.2
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Xie, Dy >0 VteT,icF (3.22)

yir €{0,1} VteT,icF. (3.23)

In this formulation, we obtain the same subproblems as the ones we identified when we
applied the Dantzig-Wolfe reformulation to the ES formulation. This property has been
observed and successfully used in the column generation literature, see Huisman et al.
(2005). It has also been shown that the optimal dual variables of the linking constraints
in the master problem and the optimal lagrangian multipliers used to penalize the linking
constraints are the same, see Magnanti et al. (1976). Therefore, if we use the lagrangian
multipliers in our subproblems, we will likely obtain columns that have a different struc-
ture than the ones obtained with the use of the simplex dual values.

When we use lagrangian relaxation to generate new columns, we first solve the re-
stricted master problem to obtain the dual variables m; and A!. We then do several itera-
tions of lagrangian relaxation to obtain the new columns. The lagrangian multipliers are
initialized with the actual dual values, i.e., initially, o;; = 7;. At each iteration, we update
the multipliers using subgradient optimization, see Fisher (1985) for more information.
This idea of using lagrangian relaxation in a branch-and-price algorithm has been suc-
cessfully applied by Degraeve and Jans (2007) in the context of a multi-item CLSP with
setup times. A sketch of the procedure used to generate new columns through lagrangian
relaxation is given in Algorithm 1. In Algorithm 1, we define a limit on the maximum
number of lagrangian iterations that we allow. We do this since we may add too many
columns at the same time, thus increasing the size of the restricted master problem and
the CPU time taken to solve it. We further have a gap tolerance as stopping criterion. If
the gap between the upper bound and the lower bound is below a threshold €, we stop the

procedure.

Stabilization of the dual values

The second improvement we tried works on the stabilization of the dual values. In-

stead of using the actual values of the dual variables 7; and Af, we use a weighted sum
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Algorithm 1 Lagrangian relaxation procedure to generate new columns

Solve the RMP and get dual values 7,
for 1 <i<|F|do
Solve the subproblem i
if column of negative reduced cost found then
Initialize lagrange multipliers oy with current dual values
it=0
while it < limit and gap < € do
Solve subproblem i using lagrange multipliers o;; as dual values
Update lagrange multipliers ¢; by subgradient optimization
it=1t+1
end while
Add columns with negative reduced cost to the RMP
end if
end for

between these values and the values obtained in the previous iterations of the column
generation procedure. A similar idea was successfully used in Wentges (1997) where the
author uses a weighted sum between the current dual values and the dual values that led
to the best lower bound obtained so far. The weights are computed based on the iteration
number and on the number of improvements of the lower bound.

Let 3 be a weight linked to the actual dual values (0 < 8 < 1). If we denote by 7 and
/”t]i the dual values obtained at iteration & of the column generation procedure, the values

m;, and )Lk’," used for the dual variables are defined as:

e = B+ (1= B) 714 VieF teT (3.24)
M=BA+(1-B)A, VieF. (3.25)

These values are used in the different subproblems we solve. Note that if we do not get
a column of negative reduced cost with these values, we must use the actual dual values
to check if no more columns of negative reduced costs can actually be generated. This

ensures the validity of the column generation procedure.
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Duplication of the columns

The third improvement is used to speed up the solution process in general. When
we make branching decisions in the search tree, we adapt some existing columns. Indeed,
some of the columns we have generated so far may fit with all branching decisions, except
the last one. Therefore, in order not to generate columns that are very similar to the ones
generated so far, we tried to duplicate existing columns to fit with the current branching
decisions in the search tree. This idea has been proposed in the context of the CLSP with
setup times by Degraeve and Jans (2007). Suppose that we impose a setup for facility i
in period ¢, i.e., the branching decision gives y; = 1. We duplicate the existing columns ¢
for which y§, = 0 and denote by ¢’ the copy of column ¢. In column ¢/, we set yft’ =1 We
also adjust the cost of column ¢’ to reflect this change. Note that when we enforce a setup
in a duplicated column, we do not impose positive production or order quantities for the
period whose setup value has been enforced. The duplication of the column is only done
at the plant and warehouse level. Indeed, for these facilities there will be extreme points
in the optimal solution that are most probably not Wagner-Whitin plans.

In initial experiments, this improvement did not give good results. We suspect that the
reason behind this poor performance is the increase of the size of the RMP. We therefore

discarded it from the results reported in Section 3.5.

Valid inequalitiy for the RMP

The last improvement we tried is the addition of valid inequalities for the RMP, based
on the columns generated. We add one set of valid inequalities to improve the lower

bound obtained throughout the tree:
(1—y5)6 +y; <1 VieF,ceC(i)teT. (3.26)

Inequalities (3.26) indicate that if the column ¢ is chosen and if y§, = 0, the setup variable
vir must be equal to 0. Inequalities (3.26) give new dual values that must be added to

the objective function of each subproblem. In initial experiments, the addition of valid
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inequalities did not give good results. The number of those inequalities was too big for
the RMP to actually help improve the CPU time taken to solve the RMP. We therefore

discarded it from the results reported in Section 3.5.

3.5 Numerical experiments

In order to assess the performance of our decomposition approach to solve the capac-
itated 3LSPD, we conducted numerical experiments based on the instances presented in
Gruson et al. (2019). In the experiments, the number of retailers |R| is set equal to 50,
100 or 200. The number of warehouses |W| is set equal to 5, 10, 15 or 20. We used
two different horizon lengths: |T'| = 15 and 30. The demand at the retailers is generated
both in a static and dynamic way from U[5, 100]. In the case of a static demand, we have
dy =d,Vt €T, r €R. Thefixed costs at all levels are also generated in a static and in a dy-
namic way. For the production plant, the fixed costs are generated from U[30000,45000].
For the warehouses, the fixed costs are generated from U[1500,4500]. For the retailers,
the fixed costs are generated from U[5,100]. All the demands and fixed costs are gen-
erated as integer values. The unit inventory holding costs are static and are set to 0.25
for the production plant and 0.5 for the warehouses. For the retailers, the unit inventory
holding costs are generated from U[0.5, 1]. The holding costs take continuous values. For
each combination of settings, we generate five different instances leading to 480 different
instances to be solved for each formulation. We set the production capacity as a given
factor ' of the average total demand. The production capacity imposed for any period ¢
is thus C = C'YcrYyerd! / |T|. The value of the capacity factor C' is set equal to 2. In
the experiments, the computation time limit imposed to solve each instance is 6 hours.

We assess the performance of our decomposition approach with respect to different

indicators:
— number of instances which are solved to optimality (%);
— CPU time (s) taken to solve the instance;
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— CPU time (s) taken to solve the subproblems;
— best lower bound obtained during the search;

— objective function value of the MIP optimal solution when available, cost of the

best solution found otherwise;
— number of nodes in the search tree;
— gap reported at the end of the time limit (%);
— gap compared to the solution given by CPLEX (%).

For a particular instance, the gap compared to the solution given by CPLEX is the gap
between the best solution found by a particular version of the algorithm and the best
solution given by CPLEX at the end of the CPU time limit. The gap reported at the end of
the time limit, for a particular version of the algorithm, is the gap between the best lower
and upper bounds found during the search for this particular version of the algorithm.

The following section gives the results for the capacitated instances. In the following
tables, Opt denotes the percentage of MIP optimal solutions obtained; Time and Time-SP
represent the CPU time taken to solve the MIP instances and the subproblems, respec-
tively; BLB and BUB represent the best values found for the lower and upper bound,
respectively; Gap gives the gap between the lower and upper bounds; C-gap indicates the
gap with the best solution found by CPLEX; Nodes gives the number of nodes explored
in the branch-and-price tree and Cols indicate the average number of columns generated.

The branch-and-price algorithm we developed was coded in C++ within the SCIP
5.0.1 framework, using CPLEX 12.8 as LP solver. To improve the efficiency of our al-
gorithm, we impose that columns that have been non basic for the last ten iterations are
removed from the RMP. We do so in order to reduce the size of the RMP which must be
solved at each iteration. For the other improvements described in Section 3.4.3, the value
of 3, used in the stabilization of the dual values, is set equal to 0.25, 0.5 and 0.75. The
maximum number of Lagrangian iterations done is set to 10.

The results obtained will be reported in two tables. The first table illustrates the aggre-

gated results obtained for |T'| = 15 (over all possible values for the capacity factor) while
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Table 3.1 — Results obtained with the B&P algorithm for the capacitated instances,

IT| =15
. Time Time Gap C-gap Opt
Version BLB BUB ®) SP (s) Nodes Cols (%) %) (%)
B&P 525956 543295 15035 234.18 177439 21630 2.4 0.51 50
WS-0.25 536738 544933 14871 337.28 174373 22165 1.26 0.78 48
WS-0.5 536271 543531 14897 352.94 187586 22045 1.12 0.58 49
WS-0.75 535722 542793 14805 355.74 184283 21739 1.1 0.46 52
LR 536924 541362 15338 232.04 157629 23798 0.73 0.25 50
WS+LR-0.25 535976 542417 14904  344.84 178071 22462 1.02 0.43 43
WS+LR-0.5 536363 542832 14834  334.58 177975 23144 1.07 0.5 49
WS+LR-0.75 537059 542133 15294 364.49 158471 21918 0.84 0.38 48
CPX-ES 538875 539828 10367 - 46000 - 0.15 - 78

the second table displays the aggregated results obtained for |T'| = 30. In each table, each
row represents the results obtained for a particular version of the branch-and-price algo-
rithm while each column refers to the different indicators previously defined. Regarding
the different versions of the algorithm, the line B&P reports the results obtained for the
basic version of the branch-and-price algorithm we developed. The lines WS-f3 give the
results when we stabilize the dual values with different values of the parameter 5. The
line LR gives the results when we do some iterations of Lagrangian relaxation after solv-
ing the different subproblems. The lines WS+LR-f3 report the results obtained when we
use both a stabilization of the dual values (with different values for the parameter ) and
Lagrangian relaxation. Finally the line CPX-ES reports the results obtained by CPLEX
directly.

Table 3.1 illustrates the performance of our branch-and-price algorithm for instances
where the time horizon is set to 15. In Table 3.1, one can see that the number of optimal
solutions found by our different algorithms is really low, at most 52%. This number is
to be compared with the number of optimal solutions found using CPLEX only, which is
78%. Besides, the CPU time taken is also large, representing around 150% of the time
taken by CPLEX to solve the different instances. Despite our wish to reduce the size
of the RMP to speed up the solution process, it seems that the different versions of the
branch-and-price algorithm spend too much time solving the RMP, as indicated by the

difference between the total solving time and the time taken to solve the subproblems.
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Table 3.2 — Results obtained with the B&P algorithm for the capacitated instances,

IT| =30

Time Time- Gap C-gap Opt

Version BLB BUB ) ?Sl; Nodes Cols (%) %) )
B&P 1007693 1102475 21642 291.25 19609 78370 7.1 5.41 0
WS-0.25 1007520 1107808 21638 497.49 15627 65070 7.41 571 0
WS-0.5 1007760 1086964 21650 438.19 18407 73705 6.31 4.61 0
WS-0.75 1007849 1077942 21653 380.61 20631 79852 5.77 4.06 0
LR 1007558 1125106 21641 287.69 15387 77850 8.25 6.59 0
WS+LR-0.25 1007460 1101404 21648 419.75 16669 72067 7.09 5.38 0
WS+LR-0.5 1007587 1114474 21652 373.97 18324 75057 7.6 5.91 0
WS+LR-0.75 1007628 1102231 21644 378.16 13677 76066 7.12 5.43 0

CPX-ES 1010072 1034074 21576 - 19062 - 2.1 - 12.5

This is mostly explained by the number of calls to solve the RMP. Indeed, one can see
that the number of nodes explored in the search tree is large, and there are several calls to
solve the RMP at each node in the tree.

If we analyze the results obtained for our improvements, one can see that they lead to
various results on our different indicators. Depending on the value used for the parameter
B, the stabilization of the dual values leads to improvements or worsens the results com-
pared to the basic branch-and-price algorithm: the higher the value of the parameter 3, the
better the results. Indeed, with a value of 0.75 for the parameter B, i.e., when we put more
emphasis on the current dual values, we are able to find more optimal solutions, obtain a
better optimality gap and spend less time solving the instances. The number of columns
generated also decreases. The use of Lagragian relaxation also has positive impacts com-
pared to the basic branch-and-price. It improves both bounds and reduces the different
gaps. However, this is done at the cost of a slight increase in CPU time. Indeed, as we add
much more columns per iterations, the size of the RMP is bigger and it is therefore harder
to solve this RMP at each iteration. Finally, note that the combination of the stabilization
of the dual values with Lagrangian relaxation has positive impacts on the gaps obtained,
compared to the results of the use of stabilization alone. However, these improvements

also come at the cost of an increase in the total CPU time taken to solve the instances.

Table 3.2 reports the aggregated results obtained for |7| = 30. In Table 3.2, one can
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see that the size of the instances to be solved has a major impact on the performance of
our different algorithms. First, the number of optimal solutions obtained is equal to zero
for all versions. Then, the CPU time taken to solve the instances always reaches the CPU
time limit imposed of 6 hours. Once again most of the time is spent on solving the RMP
as stated by the low value of the time taken to solve the subproblems. A comparison
of Tables 3.1 and 3.2 indicates that the number of nodes explored is much lower for the
instances where |T'| = 30. This shows that the RMP gets harder to solve and it also
explains why the algorithm spends that much time solving the RMPs.

The gaps obtained are high, between 5.77 and 8.25%, and between 4.06 and 6.9% for
the gap at the end of the time limit and gap compared to CPLEX, respectively. These
values illustrate a relatively bad performance of our algorithms if we compare them to the
gaps obtained by CPLEX alone. The better performance of CPLEX could be explained by
the fact that CPLEX is able to exploit the structure of the entire problem to derive strong
cuts during its search process. On the contrary, with our branch-and-price algorithm, we
have a restricted number of variables available, thus limiting the possible exploitation of
information.

As far as our improvements are concerned, we observe similar results for the use of
dual value stabilization as in Table 3.1. However, the use of Lagrangian relaxation wors-
ens the results compared to the basic branch-and-price algorithm. Indeed, as mentioned
before, the RMP gets harder to solve. With the higher number of columns generated with
Lagrangian relaxation, it also increases the size of the RMP, making it even harder to
solve. This conclusion is also supported by the relatively low number of nodes explored
with the use of Lagrangian relaxation. In the same spirit, the combination of Lagrangian
relaxation and dual value stabilization worsens the performance of the use of dual value
stabilization alone.

In light of the results presented in Tables 3.1 and 3.2, one can see that the use of a
Dantzig-Wolfe decomposition is not efficient to solve the capacitated 3LSPD. The branch-

and-price algorithm developed to solve the problem still suffers from the tailing-off effect,
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even when we add several improvements. We were able to exploit a nice substructure to
efficiently solve the different subproblems but it appears that it is not enough to develop
an efficient branch-and-price algorithm. In particular, the master problem is still hard
to solve as illustrated by the CPU time taken to solve the problem in Tables 3.1-3.2,
compared to the CPU time taken to solve the subproblems. This happens despite our
attempt to reduce the size of the master problem by only keeping in the master problem
the columns that have been basic at least once in the last ten iterations. However, such
attempt may lead to the generation of the same column several times, which would slow
down the solution process. This hypothesis is supported by the large number of columns
generated as reported in Tables 3.1-3.2. This high number of columns generated could
also be explained by a low quality of information contained in the dual values. Finally,
the number of nodes explored is also large compared to CPLEX. This indicates that the

enhancements we proposed did not achieve the goal of reducing the tailing-off effect.

3.6 Conclusion

We have tackled the capacitated 3LSPD and have applied a Dantzig-Wolfe reformula-
tion to the ES formulation of the problem. The use of such a reformulation allowed us to
decompose the problem in one subproblem per facility, which then can be easily solved
by means of a dynamic programming algorithm. Such a reformulation naturally led to
the development of a branch-and-price algorithm, for which we also proposed several
improvements. The first one uses Lagrangian relaxation to generate columns with a dif-
ferent structure during the search process, while the second one works on the stabilization
of the dual values. We tried two other enhancements that did not prove useful in initial
experiments.

We have performed numerous numerical experiments to assess the performance of our
decomposition technique on the resolution of the problem. The use of a branch-and-price
algorithm to solve the capacitated version of the 3LSPD led to poor results in terms of

the number of optimal solutions found, of the quality of the bounds, and of the CPU time
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taken to solve the different instances. This is mainly explained by the numerous calls to
the RMP, illustrating the presence of a big tailing-off effect.
In future research we want to introduce scenarios of demand to represent the uncer-

tainty that appears at the retailer’s level in the uncapacitated case.
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Chapitre 4

Benders decomposition for a stochastic
three-level lot sizing and replenishment

problem with a distribution structure

Information sur le chapitre

Un rapport de recherche fondé sur ce chapitre a été publié dans la série des Cahiers
du GERAD : Gruson, M., Cordeau, J.-F,, et Jans, R. (2019). Benders decomposition for a
stochastic three-level lot sizing and replenishment problem with a distribution structure.
Les Cahiers du GERAD, G-2019-51. Ce chapitre a également mené & la publication d’un

article dans la revue European Journal of Operational Research début septembre 2020.

Abstract

We address a stochastic three-level lot sizing and replenishment problem with a dis-
tribution structure in a two-stage decision process. We consider one production plant that
produces one type of item over a discrete and finite planning horizon. The items produced
are transported to warehouses and then to retailers using direct shipments. Each retailer is

linked to a unique warehouse and there are no transfers between warehouses nor between



retailers. The stochasticity comes from the uncertainty in the demand at the retailer level
and is modelled through scenarios. The setup decisions are made in the first stage and the
production, transportation and inventory decisions are made in the second stage, once the
demands are revealed. The objective is to minimize the sum of the fixed production and
replenishment costs, and of the expected variable inventory holding costs among all sce-
narios. We also study an extension where we allow for lost sales at the retailer level. We
use a Benders decomposition approach and develop a Benders-based branch-and-cut al-
gorithm to efficiently solve the problem. We take advantage of the substructures identified
in the decomposition and design efficient procedures to solve the subproblems obtained.
We also propose computational enhancements to speed up the solution process. Finally,
we perform extensive computational experiments to assess the performance of our de-
composition approach and analyze the impact of the enhancements. The Benders-based

branch-and-cut algorithm we propose clearly outperforms CPLEX.

4.1 Introduction

Lot sizing problems (LSP) have numerous applications in production, distribution
and inventory management, three cornerstones of supply chain planning. Usually the
customers and the production plant of a given company are located in different areas.
This implies that the company must decide when to deliver products to its customers so
as to minimize the replenishment costs. At the production plant level, the company must
also make lot sizing decisions. Solving these two operational problems sequentially, as
it is often the case in practice, leads to solutions that can be much more costly compared
to the solution of an integrated lot sizing and replenishment problem. The integration
of these two operational problems has proven to be very effective in practice, see, e.g.,
Dhaenens-Flipo and Finke (2001), Zhang and Song (2018) and Abdullah et al. (2019).

Supply chain planning tools often take as a starting point forecasts of the future de-
mand, in the form of point estimates. As a result, most of the lot sizing literature considers

deterministic demand. However, as pointed out by Adulyasak et al. (2015), if these fore-
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Figure 4.1 — Graphical representation of the problem considered

casts are misleading, it can result in wrong and costly decisions. Taking uncertainty into
account can be very beneficial but also increases the difficulty of the operational problems
to be solved.

We address here an integrated three-level lot sizing and replenishment problem with
a distribution structure, in a two-stage decision process (2S-3LSPD). We consider the
supply chain of a general manufacturing company. This supply chain comprises one
production plant, several warehouses and multiple retailers which compose the levels
zero, one and two, respectively. Each warehouse is linked to the production plant and
each retailer is linked to a unique warehouse, leading to a distribution structure. There are
no links between the different warehouses, nor between the different retailers. Therefore,
the flow of goods ordered by the retailers is entirely fixed: the product goes from the
production plant (where it is produced), to a warehouse (where it is stored) and finally
to a retailer (where it is sold). Figure 4.1 illustrates this flow of goods in a distribution
network composed by one production plant, three warehouses and three retailers linked
to each warehouse.

The objective of the problem is to determine, for each time period, the production
quantities at the plant and the flow of goods between the facilities so as to minimize the
operational costs of the whole system. These costs are the sum of fixed and expected

variable costs. Given a finite set 7' of time periods, indexed by ¢, we denote by sc;; the
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setup costs at any facility i belonging to any of the three levels. They represent the setup
costs for production at the production plant level and for placing a replenishment order at
the warehouse and retailer level, respectively. The variable costs are the inventory holding
costs, incurred whenever there is some inventory on hand at the end of a time period.
We denote by hc;; the holding cost to keep one unit of item at the end of period ¢ at
facility i. Note that we do not include any unit production cost nor any unit replenishment
cost. Indeed, if we consider that these costs are constant through time they will lead to a
constant term in the objective function since the complete demand of the retailers must be
satisfied.

The retailers face a stochastic and dynamic demand for a unique item. The distri-
bution of the demand for each retailer is assumed to be known, and uncertainty is taken
into account through the use of demand scenarios. In our two-stage decision process,
the demands of each retailer for the entire time horizon are revealed once the first stage
decisions are made. These first stage decisions correspond to the production and order-
ing setup decisions for each facility and each time period. The second stage involves
production, replenishment and inventory decisions. This separation between the first and
second stage decisions corresponds exactly to the static-dynamic uncertainty strategy first
proposed by Bookbinder and Tan (1988) for the stochastic single item LSP.

We consider that the shipments which are performed between the production plant
and the warehouses, and between a warehouse and its retailers are uncapacitated. We
only consider direct transportation between facilities and as such we exclude routing de-
cisions. Finally, we do not impose any restrictions on the inventory level at any facility.
In a disaggregated context, each facility faces a basic LSP. The basic LSP has been exten-
sively studied in the literature. The interested reader is referred to Brahimi et al. (2017)
and to Pochet and Wolsey (2006) for a review of the work done on the SI-ULSP and its
extensions. Note that at the third level, each retailer faces a stochastic LSP. The inter-
ested reader is referred to Tempelmeier (2013) and Aloulou et al. (2014) for reviews on

stochastic lot sizing.
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Our paper makes four main contributions. First, we extend the work of Gruson et al.
(2019a) by studying a stochastic version of the three-level lot sizing problem with a dis-
tribution structure (3LSPD). We also propose an extension where we allow for lost sales
at the retailer level. Second, we apply a Benders decomposition to the 2S-3LSPD. This
decomposition exploits the substructures that appear in the MIP formulation we propose.
Third, we develop two simple yet efficient procedures to solve the subproblems obtained.
These procedures exploit the structure of the holding costs as well as the fact that the
optimal solution to one subproblem can be easily obtained from the solution of a previous
subproblem. They allow us to solve numerous minimum cost flow problems in a very
short amount of CPU time. Finally, we develop a Benders-based branch-and-cut algo-
rithm. This algorithm takes advantage of the substructures yielded by the decomposition
approach. We further incorporate computational enhancements in this algorithm to speed
up the solution process. Each enhancement tackles one specific issue raised in the litera-
ture when using Benders-based branch-and-cut algorithms. To the best of our knowledge,
this is one of the few attempts to solve such a problem with an exact method.

The remainder of this paper is organized as follows. First, we survey the work linked
to our study in Section 4.2. Then, we give a formal problem description in Section 4.3
along with one mathematical formulation for the problem. This formulation is used as
a basis for the application of a Benders decomposition in Section 4.4. In this section,
we further present a Benders-based branch-and-cut algorithm along with computational
enhancements. Section 4.5 details the computational experiments performed to assess the
performance of the algorithm we developed, and to analyze the impact of the enhance-

ments we proposed. This is followed by the conclusion in Section 4.6.

4.2 Literature review

This section first briefly reviews the stochastic lot sizing literature related to our prob-
lem. It then focuses on the multi-level lot sizing literature. Finally, it details the applica-

tion of Benders decomposition to lot sizing problems.
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4.2.1 Stochastic lot sizing

The stochastic lot sizing literature usually considers the demand as a random param-
eter. To counter the resulting uncertainty and make both setup and lot sizing decisions,
several strategies have been proposed in Bookbinder and Tan (1988): the static strategy,
where both lot sizes and setup decisions are made before the uncertainty is revealed; the
dynamic strategy, where production decisions are made after the uncertainty is revealed;
and the static-dynamic strategy, where setup decisions are fixed before the first period and
the production quantity decisions are the recourse decisions. To represent demand uncer-
tainty while maintaining a tractable problem, it is common to use scenarios of demand
instead of more general demand distributions. The challenge is to have a good balance
between a large number of scenarios, which would make the problem hard to solve, and
too few scenarios, which would give a bad representation of the demand distribution. The
use of demand scenarios in stochastic lot sizing can be seen in Haugen et al. (2001), who
study the stochastic single item lot sizing problem with backlogging and embed the pro-
gressive hedging algorithm of Rockafellar and Wets (1991) in a metaheuristic. Gutiérrez
et al. (2004) address the stochastic single item lot sizing problem with concave produc-
tion costs, where the costs and demand distribution depend on the scenario considered.
They solve the problem based on a multiobjective branch-and-bound approach. Taskin
and Lodree Jr (2010) consider the challenges of procurement and production decisions
at the time of the hurricane season. They use scenario reduction methods to be able to
use a general purpose solver to solve the problem. Finally, Helber et al. (2013) use de-
mand scenarios to approximate a non linear version of the stochastic capacitated lot sizing
problem (CLSP). Note that there are alternative approaches to tackle demand uncertainty
in stochastic lot sizing. This is the case in Tunc et al. (2018) who use static-dynamic
uncertainty strategy with random demand. They consider that the production periods are
fixed in advance and use the expected inventory holding costs in their non-linear objective
function. Instead of using scenarios to approximate this objective function, they propose

a novel MIP formulation and develop a dynamic cut generation approach.
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Some work has also been done on polyhedral results by Guan et al. (2006), still with
demand scenarios. They adapt the (Z,S) valid inequalities to the stochastic case and call
them (2,Sg) valid inequalities. They further establish necessary and sufficient condi-
tions for these (2,S9) inequalities to be facet defining. These inequalities have been
later simplified by Di Summa and Wolsey (2008) who also propose several reformula-
tions for the stochastic lot sizing problem with constant capacity.

Another stream of research in stochastic lot sizing incorporates different service level
constraints in the models. Service level constraints include, among others, the cycle ser-
vice level, which limits the stockout probability during a replenishment cycle; and the
fill rate, which limits the amount of backorders. The reader is referred to Tempelmeier
(2007) for a comparison of various service level constraints and their implications in a
stochastic setting and to Gruson et al. (2018) for a discussion of inventory service levels

in deterministic lot sizing problems.

4.2.2 Multi-level lot sizing

In multi-level lot sizing problems, the production of one or more end items requires
the production of one or more components, used as inputs to produce the end items.
The multi-level lot sizing literature considers four different product structures Pochet and
Wolsey (2006): assembly, where each component has a unique successor; in series, where
each component has a unique successor and a unique predecessor; distribution, where
each component has a unique predecessor; and general. Because of the distribution struc-
ture, the problem we address in this work is a specific case of the general multi-level lot
sizing problem. In this section, we briefly review the literature related to this general
problem. This problem has been tackled mainly with heuristics because of its difficulty.

Tempelmeier and Helber (1994) propose a general heuristic for the multi-item multi-
level capacitated lot sizing problem which solves a series of CLSPs using a modified
Dixon-Silver heuristic (see Dixon and Silver (1981)). They propose four variants of this

heuristic where the differences come from the ordering at the different levels. Sahling
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et al. (2009) propose a fix-and-optimize heuristic to solve this problem while also consid-
ering setup carry-over. Their heuristic sequentially solves a series of small mixed-integer
programs and use the solutions to fix a large proportion of the integer variables to a spe-
cific value in the next iterations. Chen (2015) also uses a fix-and-optimize heuristic to
solve a multi-level CLSP with or without setup carryover. In the case without setup
carryover, a variable neighbourhood search is used. Furlan and Santos (2017) propose
a bees-and-fix-and optimize algorithm to solve a multi-level CLSP. The bees algorithm
helps partition the set of decision variables to be fixed. More recently, Wei et al. (2019)
study a case where the bill of materials can be replaced. They propose a matching-induced
search algorithm to solve the problem. For studies on specific applications of multi-level

LSPs, the interested reader is referred to the references in Wei et al. (2019).

4.2.3 Benders decomposition in lot sizing

The use of Benders decomposition in the lot sizing literature is very scarce. Bahl
and Zionts (1987) apply Benders decomposition to a multi item CLSP with setup times.
They take advantage of the transportation problem obtained as a subproblem to efficiently
solve the problem. Bayley et al. (2018) apply a combination of Benders decomposition
and evolutionary algorithm to the CLSP with setup times. They consider production
families for the different setup times imposed. They improve both the lower and upper
bounds of the problem using their procedure. Adulyasak et al. (2015) propose a Benders
decomposition algorithm to tackle a combined production planning and routing problem
with demand uncertainty. Caserta and Vo3 (2020) propose an accelerating technique,
called the corridor method, which is used in the Benders decomposition algorithm. This
method consists in solving the master problem around the incumbent solution. They
observe improvements compared to the classical Benders decomposition, when applied

to a multi-item CLSP.
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Table 4.1 — Sets, parameters and decision variables used in the mathematical model

Sets Parameters

P set containing the unique production plant, P = {p} C F W{(r) warehouse linked to the retailer r € R

w set containing the warehouses, W C F dy demand for retailer r in period ¢

R set containing the retailers, R C F Ou Kronecker delta that takes the value 1 ifk =1
S(i) setof all direct successors of facility i and O otherwise

Decision variables

xy  quantities produced or ordered in level [ in period & to satisfy d,

G,{,{ stock at level [ at the end of period k to satisfy d,,

Vit 1 iff there is production or an order placed by facility 7 in period ¢

4.3 Mathematical formulation for the 2S-3LSPD

In this section we first present a stochastic programming model for the 2S-3LSPD.
We then present a scenario-based reformulation on which we will apply Benders decom-
position. Let G = (F,A) be a graph with F the set of nodes (facilities in our problem)
and A the set of arcs. Table 4.1 lists all the sets, parameters and decision variables used
which have not been defined earlier. In the stochastic model, the demand c;?vr, 1s a random

variable. The two-stage stochastic programming model is given as follows:

Min ) Y sciyie+Ez [Q(,d)] 4.1
teTick
s.t.yiy €{0,1}VteT,i€F, (4.2)

where, for a specific realization d of d, Q(y,d) is the optimal value of the following second

stage problem:

Min Y Y Y hepop) + hew (kO + ooy (4.3)
teT reRk<t
s.txy + oy =0+ X VieT,k<teT,reR (4.4)
Xy +0p =0l X VieT,k<teT,rER (4.5)
Sudr + (1— 8)0f = 0p 1, + Xy VteT,k<teT,reR (4.6)
X< dyypr VteT,k<teT,reR 4.7
Xy < drYw (o VteT,k<teT,reR (4.8)
X2 < dyyi VieT k<teT,reR (4.9)
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X x xar oo ol o >0 VieTk<tcT,reR. (4.10)

The objective function (4.1) minimizes, for the first stage problem, the sum of the
setup costs and of the expected inventory holding costs at each facility with respect to
the random demand d. The second stage problem (4.3)-(4.10) is based on the multi-
commodity (MC) formulation proposed by Melo and Wolsey (2010) for a two-level lot
sizing problem, and later extended by Gruson et al. (2019a) to the deterministic 3LSPD.
The idea of this formulation is to disaggregate distinct commodities d,;. In more detail,
the decision variables used describe the flow of each commodity in the supply chain,
both in terms of time and space. The objective function (4.3) minimizes, for the second
stage problem, the total inventory holding costs for a particular realization of the random
demand. Constraints (4.4)-(4.6) represent the inventory balance equations at the produc-
tion plant, the warehouse and the retailer level, respectively. Constraints (4.7)-(4.9) are
the setup forcing constraints for the production plant, the warehouses and the retailers,
respectively.

Because it contains random variables, the two-stage stochastic model (4.1)-(4.2) is
intractable. To make it tractable, we assume that there is a finite number of possible
demand scenarios. We denote by Q the set of all possible scenarios. Let pg be the
probability of realization of scenario @ and let d,¢ be the demand of retailer r in period
t under scenario ®. Compared to the above model, we add a subscript ® to the second
stage variables, i.e., the production and inventory variables x and ¢. The MC formulation

for the 2S-3L.SDP is as follows:

Min Y’ (Z scivie+ Y, P Y, Y, (heprOie + hew (kO +hcrka,§;;o)> (4.11)

teT \ieF wel) reR k<t

Ko+ Ol =Op 1 o +30y VIETKkSIET,reROEQ  (4.12)
o+ O = Ol 110+ e VIETk<IET,rER0EQ  (413)

Sudrio+ (1= 8u)0py =Cpl 1,0+ Xho VIETA<tET,reROCQ (414)
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Xy < droYpk ViteT,k<teT,reR,wecQ (4.15)

Xt < droYw (i VieET,k<t€T,r€eRwcQ (4.16)

X < drpyr VieT,k<teT,reRwec (417

X xdr x>0 VieT,k<tcT,reR,0cQ (4.18)
oY oi o >0 VieTk<teT,r€R0EQ (4.19)
yir €{0,1} VteT,icF. (4.20)

This formulation can be slightly modified to allow lost sales. Let Is, be a positive
and continuous variable that represents the amount of lost sales among d,;. This amount
is penalized in the objective function by Isc,,, a unit penalty cost. Besides, the inventory

balance constraint (4.14) will be replaced by:

110+ 5w = O (Ao — Isnw) + (1 — 8o, VieT,k<tecT,reR ocQ.
(4.21)

4.4 Benders reformulation

We apply here a Benders decomposition, starting from the MC formulation. Next, we

present a Benders-based branch-and-cut (B&C) algorithm to solve the 2S-3LSPD.

4.4.1 The reformulation

In the MC formulation, when the binary setup decisions are fixed, we obtain a contin-
uous linear problem which can be solved efficiently. This framework is well suited for the
use of Benders decomposition. The original idea of Benders decomposition (see, Benders,
1962) is to partition the complete problem into two smaller problems, namely the master
problem and the subproblem. The master problem is a simplified version of the original
problem where only some variables have been kept, along with the constraints in which
they are the only ones to appear. The master problem also contains an artificial variable

representing a lower bound on the cost of the subproblem. The subproblem is exactly the
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original problem without the constraints that have been kept in the master problem. In

this subproblem, the variables present in the master problem are fixed to given values. In

our case, we keep the binary setup variables yj, in the master problem. The production

and inventory variables x and o are present in the subproblem, along with constraints

(4.12)-(4.18). For a recent review on Benders decomposition, the reader is referred to

Rahmaniani et al. (2017).

We start by presenting the primal subproblem when applying Benders decomposition

to the MC formulation. Let y;; denote the values of the fixed binary setup variables. In

the following formulation, the dual variables linked to each constraint have been put into

brackets. The primal subproblem PSP is defined by:

Min Y po Y} <Z he okt + Y hew (kO + Y, hcrka,ftrw) (4.22)

we teTreR \k<t k<t

1r Or __ ..Or Or Or
S$: . Xt T Oty = Op—1.4,0 T Xkto [Wktm}

x/%t’a) + letléo = leil,t,w +xllctra) [W/itrw]
Oprdriy + (1 - 5kt>61c2trcl) = Glgil,t,m + Yo [Wl%trw]
o < draTpk [91re)
o < droVw (i [ Do)
T < drioPre [9i]

Or 1r ¥
xktcoaxktwvxitw >0
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k<t

VieT k<teT,reR mecl
(4.23)
VieT k<teT,reRoeQ
(4.24)
VieT,k<teT,reR,0e€Q
(4.25)
VteT,k<teT,reR,0€Q
(4.26)

VteT k<tcT,reR wec
4.27)

VteT,k<t€T,r€ER,weQ
(4.28)

VieT,k<teT,rEcRwmcQ
(4.29)



Gkot’co szco thw>0 VieT,k<teT,reR,0c .

(4.30)

The dual subproblem DSP corresponding to PSP is given as follows:

Max Z Z Z (drmllf;%'éo - Zdrlw (ypkqjl?trw +5’\W(r)k¢klt’@ +)/’\ik¢lgzrco)) (4.31)

WEQIET reR k<t

S LWL o — Wi < Pohcpr VieT,k<teT,reR,0EQ  (432)

Vil 0~ Yido S Pohcwpy  VIETk<teT,reRmeQ  (433)

W0 — (1= 8u) Wi, < pohcy, VieTk<teT,reRwecQ (434
wr — ol < VieETk<teT,reRwecQ (435
w,ﬁg'w—w,?[a,—gb,},’;ggo VieTk<teT,reR,0eQ  (436)
i —wil, — ¢ < VieTk<teT,reR®eQ  (437)
Ot e Dy = VteT,k<tcT,reRmcQ.  (4.38)

Constraints (4.32)-(4.34) are the constraints linked to the original stock variables o.
Constraints (4.35)-(4.37) are the constraints linked to the original production and ordering
variables x.

The DSP can be decomposed into |R||T||2| subproblems, denoted by DSP,g, one
for each commodity d,,. Note that if we consider a multi-item setting, we still have
this separability and the algorithm presented in Section 4.4.2 is still valid. In that case, a
commodity would be the demand of a particular retailer for a specific item, in a certain
time period, under a specific scenario. On the contrary, if we include production capacity
constraints, we lose the separability. Indeed, such capacity constraints would link the
ordering variables for each commodity. In that case, the solution method proposed in

Section 4.4.2 is not valid anymore.

Let Agp(r,t, ®) represent the polyhedron defined by constraints (4.32)-(4.38) for com-

modity de. Let 7410 be an additional variable representing a lower bound on the cost of
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the subproblem associated with commodity dy, i.e., Asp(r,t, ®). The Benders reformu-

lation, denoted as BD-MC, is defined by:

Min Z Z Z Zrtw T+ Z Z SCitYit (4.39)

weQreRrel teTielF

s.t. dyo (Wt?;’a) - Z (¢]91fz)yrk + ‘z)kltZ)yW(r)k -+ (plgf’;oypk)) < Znw
k<t

VIET,r€R,0E QY ($: Odins Dy Werss Wit W) € Asp (11, @) (4.40)

yi €{0,1}VteT,ieF. (4.41)

&

The objective function (4.39) minimizes the sum of the setup costs and of the lower bound
on the cost of the subproblems. Constraints (4.40) are the optimality cuts for each sub-

problem.

4.4.2 A specialized algorithm to solve the subproblem

The use of a Benders decomposition naturally leads to an iterative procedure to solve
the original problem. Indeed, each polyhedron Agp(r,7, @) may contain a huge number of
extreme points, leading to an equally large number of cutting planes for the master prob-
lem. Each iteration of the procedure consists of the solution of the master problem with
only a subset of constraints (4.40) and of the dual subproblem DSP. The master problem
is solved to obtain values for the coupling variables. These values are passed to the dual
subproblems DSP,, which are then solved. The solution of the dual subproblem of each
commodity leads to the generation of a so-called Benders cut which is an optimality cut
if the dual subproblem is feasible, or a feasibility cut if the dual subproblem is infeasible
because of the values of the coupling variables. The iterative procedure can be seen as a
cutting plane method where information is transferred from the subproblems to the master
problem in the form of cuts. At each iteration, both a lower and an upper bound can be

derived from the solutions obtained for the master problem and the subproblems. Note
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Figure 4.2 — Graphical representation of one subproblem (t = 4)

that in our case, since there is no capacity requirement, the dual subproblems will always
be feasible.

Each dual subproblem DSP, can be solved by means of a general purpose solver to
generate an optimality cut. However, a closer look at the primal subproblem indicates the
presence of a network substructure in constraints (4.23)-(4.25) for each commodity dye,.
This substructure is illustrated in Figure 4.2, where we consider an example for which
t = 4, one retailer  and one scenario .

In Figure 4.2, each node represents a pair (level, time period) and each arc represents
the flow between the facilities or the stock on hand at the end of a time period for a spe-
cific facility, in order to satisfy d,4,. Costs are incurred whenever there is some positive
inventory on hand at a particular facility, i.e., if G,Zw > 0. In Figure 4.2 we consider that
all setup variables take the value 1 but if there is a binary variable that takes the value

0 in the solution of the master problem, we remove the corresponding vertical arc in the
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network. In such a case, we still solve a shortest path problem for each commodity d,y,
which gives us a solution to the primal subproblem. To obtain a dual solution, we use
the properties of network flow duality. Indeed, each node in Figure 4.2 is linked to a flow
conservation constraint in the PSP. For each network representing a specific subproblem,
1.e., a specific commodity d,, the dual value linked to each node can be computed as the
shortest path to go from the source node to this particular node (see Ahuja et al. (1993)).
These dual values correspond to the optimal values of the y variables in DSP. Using the
structure of (4.35)-(4.37), the other dual values related to subproblem DSP,;, are com-

puted as follows:

Do = Vit Vk<teT (4.42)
e = Max{ Wi/, — Wipy;0} Vk<teT (4.43)
,32) = max{w%[w — l;f,g[w;O} Vk<teT. (4.44)

We can further exploit the decomposition mentioned previously to quickly compute the
dual values, i.e., the shortest paths to go to each node in Figure 4.2. We first compute
the shortest paths at the plant level, in O(|T]). We then use these values to compute
the shortest paths at the warehouse level, in O(|W||T|). We finally use these values to
compute the shortest paths at the retailer level, in O(|R||T]). Note that these shortest
paths do not depend on the commodity but only on the setup values. The length of the
shortest path, however, depends only on the retailer considered. We can therefore compute
all the shortest paths in O(|F||T|). These values are assigned to the y variables, which
are commodity specific. The values of the y variables are further used to compute the

values of the ¢ variables. We are therefore able to compute an optimal dual solution in

O(IRIITP|12)).

4.4.3 A Benders-based branch-and-cut algorithm

It is well known that the optimality cuts (4.40) can be generated from any solution and

not only from an optimal integer solution to the master problem. Therefore, we solve the
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2S-3LSPD in a standard B&C framework with the use of callbacks. At each node of the
B&C tree for the Benders reformulation, the dual subproblem is solved, thus generating
an optimality cut. Indeed, each DSP,, acts as a separation problem to generate cuts. Such
an implementation is possible through the use of callbacks available in general-purpose

solvers, see, e.g., Adulyasak et al. (2015).

4.4.4 Enhancements

Even when implemented using callbacks, there are several features that slow down
the Benders-based B&C. We implemented several ideas to speed up the solution process,
which are presented in the following sections. The first three ideas aim to improve the
lower bound during the search process. The fourth idea deals with the choice of a good
optimality cut and the fifth one explores the different ways of aggregating cuts from the

different subproblems.

Lower bound lifting inequalities

One major drawback of the Benders approach is the poor value of the lower bound
during the search process, especially in the earlier stages. We can tackle this issue by
adding some lower bound lifting inequlities (LBL) to the master problem. The purpose of
these inequalities is to give a better approximation of the cost of the primal subproblem,
given a set of binary setup values. The use of such inequalities has proven successful in
Adulyasak et al. (2015) in the context of the production routing problem under demand
uncertainty. Here, we compute the minimal holding costs that will be incurred, given a
feasible integer solution to the master problem. This solution is seen as a replenishment
plan for each facility and we associate a new set of binary variables to these plans.

Let u;,; be a binary variable that takes the value 1 if there is production or an order
placed by facility 7 in period v and the next production or order period is in period ¢ (v < 1).
For these variables, we further define a dummy period |T| + 1 to give the possibility for

a plan to have a setup in the last period of the actual time horizon. All the fixed costs,

105



variable costs and demands associated to this dummy period for each facility are 0. We

associate a cost ¢;y to the W;,; variables which is defined as follows:

Y oeq Po Lo XY e r he pidri ifi=p
Civ =< LoeoPo Ly Yie s Yresow) (hci —hept) A iTi€W
YocaPo Lt X5 (hey — hew i) dike ifieR.

These costs ¢;,, represent the cost one has to pay at the plant for the holding cost and
the additional holding cost one has to pay when the goods are transferred to the warehouse
or retailer. Note that there is no assumption made about the holding costs to define the

costs ¢;y;. The following LBL inequalities are added to the master problem:

Y i =i VicF 2<teT (4.45)
—1|T+1
Yo} =1 VieF, 2<teT (4.46)
y=1 s=t
T+1¢—
Y ¥ Zc,vzum Y Y Y zie (4.47)
1€F =2 v=1 weQreRteT

Constraints (4.45) link the new [ variables to the original binary setup variables. Con-
straints (4.46) indicate that there must be one replenishment plan chosen for each period.
Finally, constraints (4.47) give a lower bound on the sum of the artificial variable z,;¢ for

the master problem.

Optimality cuts based on fractional solutions

In the initial iterations of the Benders algorithm, there are too few optimality cuts (4.40)
to have a good approximation of the cost linked to each subproblem. We thus add some
optimality cuts based on fractional solutions, at the root node only. The main advantage
of this addition is that, when added at the root node, the optimality cuts generated are
valid for the whole search tree.

To generate these optimality cuts, we work in a B&C framework with the use of call-

backs. The fractional solution obtained for the master problem is passed to the different
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subproblems DSF,;, and we solve them as usual, giving optimality cuts for the master
problem. If we solve each DSP;;, by means of the procedure described in Section 4.4.2,
there are some changes to be made. Indeed, when we start from a fractional solution, we
no longer have shortest path problems to solve as the primal subproblems. The reason is
that some arcs now have capacities which are the fractional values of the setup variables.
Therefore, we solve minimum cost flow problems in the same networks as the one de-
picted in Figure 4.2. To solve the different minimum cost flow problems, we designed a
specific procedure, based on the structure of the holding costs we impose at each level.
Indeed, we consider that the holding costs are higher when we go downstream in the sup-
ply chain, i.e., hcps < hew () < hey for any retailer » and any period ¢. The dual values
for each node are then obtained by solving shortest path problems in the residual graph
of the network, once the minimum cost flow problem has been solved (see Ahuja et al.
(1993)). In this residual graph, the costs are left unchanged.

When solving the minimum cost flow problem for commodity d,+, we have to find the
cheapest way to have a flow of d,, units going out of the network. The main idea of the
procedure is to produce the demand as late as possible, and to send it to the lowest levels
as late as possible. Indeed, as we have no negative costs on the arcs, a late production
will give us savings on the inventory holding costs. Recall also that in the PSP there are
no setup costs. In a similar spirit, as the holding costs are lower if we are more upstream
in the supply chain, we should keep inventory at these levels as long as possible before
sending the goods to the downstream levels. In the following paragraphs, we consider
that we want to solve the subproblem associated with commodity d,¢.

The idea of the procedure is to work backward, starting from period ¢ at the retailer
level and to obtain a flow equal to dy(, as late as possible. Therefore, we push the flow
as late as possible, depending on the available capacities, i.e., the values of the setup vari-
ables obtained from the master problem. For each flow that we can push at the retailer
level, we must also find an available path to obtain it at the warehouse level, while re-

specting the capacity requirements. In the same vein, for each flow that we push at the

107



Algorithm 2 Solution of the min cost flow problem for retailer r in period # under scenario
w
for 1 <[ <tdo
capay; = Ypidra, CaPAw () = Yw (r)idro
end for
flow = yydyey,t' =t —1,costy =0
while flow < d,; + € do
addedFlowR = min{y,;/drte, dye — flow}
flow += addedFlowR, cost,;q += Z‘};}, he,jaddedFlowR, flow,, = capayy (),
=1 -1
while flow,, < addedFlowR + € do
addedFlowW = min{capa,,,addedFlowR — flow,, }
flow,, += addedFlowW, cost,;¢ += Z’;/___"t,l, th<,.) ;addedFlowW,
capa,,»—= addedFlowW, flow,, = capa ., =" —1
while flow, < addedFlowW + ¢ do
addedFlowP = min{capa,,,addedFlowW — flow , }

//__1

flow, += addedFlowP, costyg += Zﬁztm hcpjaddedFlowP,
capa,,»—= addedFlowP,
=
end while
=1 -1
end while
=r—1
end while

warehouse level we must find an available path to obtain it at the production plant level.
The complete procedure is given in Algorithm 2, where cost,,, represents the cost of the
minimum cost flow problem for retailer » in period ¢ under scenario ®, and € is a small
value. Throughout the algorithm, the notations a+ = b and a— = b are used to denote the
operations a = a+b and a = a — b, respectively.

An example of a solution obtained by Algorithm 2 is given in Figure 4.3 for a retailer
r under scenario @ and for t = 4. In Figure 4.3, the value of the flow going through
each horizontal arc, i.e., the inventory on hand at the end of a particular time period,
is directly written below the arcs. For the flow between the facilities, the first number in
parentheses represents the value obtained from the master problem for the setup variables.

The second number represents the actual flow between two facilities, i.e., the solution for
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Figure 4.3 — Graphical representation of the solution procedure for one subproblem

the y variables for DSP,,. For ease of representation, we have assumed a demand of one

unit in Figure 4.3.

Addition of MIR inequalities

Bodur and Luedtke (2016) mention that Benders decomposition usually does not take
advantage of the integrality requirements on the master problem variables when deriving
Benders cuts. They use this observation to develop valid inequalities which lead to better
LP relaxation values for the master problem. Their idea is to use a more elaborate mixed-
integer rounding procedure than the one originally proposed by Wolsey (1998). They
assume that there is a current set #},, of valid inequalities that describe the solution space
of each subproblem, and which at least contains the Benders optimality cuts generated
so far in the solution process. Then, given an optimal solution to the restricted master
problem and given the associated Benders optimality cut, they develop a valid inequality

that combines this cut and another cut already present in ¥};,. In more detail, let us
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assume that the subproblem corresponding to commodity dy e has generated Benders

optimality cuts of the form:

Zrw = bro — Z AirwYit (4.48)

i€l
where by and a; are scalar coefficients. Let 2,1 > by — Yicr @hyeYir De the Benders
cut obtained in the last iteration performed. Given this new Benders cut, for each Benders

optimality cut of the form (4.48), we derive the following valid inequality for BD-MC:

0 1
Znw 2 Cory — Y, ChraYits (4.49)
ieF

where C(r)tw =, + fﬂ@_@%ﬁ@ﬂ’ Cgta) _ min{B (anw*%w)};fi**fo 1B (aio—djy) ]} +d,,

fi= B a0 — ay,) — | B (Gito — aiyp) s fo = B (birw = bly,,) = | B (birw — bjy,,) ] and B is a
scalar parameter, 0 < 8 < 1. We then compute the scaled violation of each possible valid
inequality of the form (4.49). If we denote by ¢ = (co, ¢t ), this scaled violation is defined

as
max{cp — Yicr Cilzcu}/’\if —Znw,0}
(1 e)lla
We finally add to the master problem the valid inequality of the form (4.49) that yields

(4.50)

the largest scaled violation. In our experiments, we apply this MIR procedure only at the

root node.

Pareto-optimal cuts

When using Benders decomposition, the primal subproblem can be highly degenerate,
leading to numerous possible optimal dual solutions, each defining a different Benders
cut. This drawback has been first observed by Magnanti and Wong (1981). This is the case
for our problem since we solve shortest path problems or minimum cost flow problems.
To tackle this issue, it is possible to solve an auxiliary problem which returns, among
the optimal solutions to the dual subproblem, the best one in terms of dominance of the
cut generated. The dominance of a cut is defined as follows. Let f(u) +yg(u) < z and

Fu1) +yg(u1) <z be two cuts obtained from dual solutions « and u;, respectively. For
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a minimization problem, the cut obtained from the dual solution u dominates the one
obtained from the dual solution u; if and only if f(u) +yg(u) > f(u1)+yg(u) with strict
inequality holding for some solution y to the master problem. If the cut obtained from the
dual solution u is not dominated by any other cut, it is said to be Pareto-optimal.

To obtain such Pareto-optimal cuts, one must solve an auxiliary problem which chooses,
among the optimal solutions to the DSP, one that is undominated. This auxiliary problem
is a modified version of the DSP. The first difference is that there is an additional con-
straint stating that the objective function must be equal to the optimal value found when
solving the original DSP. The second difference is that, instead of using the solution ob-
tained from the master problem in the coefficients of the objective function (4.31), we
use a core point y? which is in the relative interior of the master problem solution space.
Let DSP* be the optimal value of DSP given a solution y for the master problem. The
auxiliary problem used to obtain Pareto-optimal cuts is given as follows:

Mix Y Y Y (dmwiz) Y dro (Y08 + 3% (e 0 +y9k¢,?tz,)> (4.51)

weQteT reR k<t

s. t. (4.32) —(4.38) (4.52)

Y Y Y <drta)wr2t’;o =Y dro (Fpk 0o + W (i Dt +)7rk¢k2z'&>)> = DSP*. (4.53)

weQtel rer k<t

The main drawback is that constraint (4.53) breaks the separability that we originally
had in the DSP. In the case of network design problems, Magnanti et al. (1986) have
shown that it is possible to obtain Pareto-optimal cuts by solving a parametric minimum
cost flow problem instead of solving both the DSP and the auxiliary problem. In our
case, we use a similar approach and solve a single problem to derive Pareto-optimal cuts.
Let o,x and p be the dual variables linked to constraints (4.32)-(4.34), (4.35)-(4.37) and
(4.53), respectively. We consider the dual of the auxiliary problem given by:

Min Y po Y, Y, Y (RepiOie + hew (0o + henOide) = DSP'H - (4.54)
WEQ teT reRk<t

$. L Oy o+ X0 = Xiye + Oiry VieT,k<teT,reRocQ (455)
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Ol 10+ X = Xaw + O VieT,k<teT,reR,wcQ (4.56)

O 1100+ Xory = Oerreo (1+ 1) VieT,k<teT,reR,wecQ
+(1—&)o, VieT,k<tc€T,reR,0€Q (4.57)
xgg‘w <dwep (}fgk +)7pku> VieT,k<teT,reR,wec (4.58)

o < duo (W +Fwepkt) ViETkSIETrER@EQ (459)

A < dyo (Y +Fkt) VieT k<tcT,reRncQ (460
Xt Xt Xy > 0 VieTk<ieT,reRncQ 4.61)
e Ohters Oty = O VieT k<tcT,reR,mcQ. (4.62)

This problem is exactly a parametric minimum cost flow problem where there is a
rebate of DSP* given for each extra unit of flow of the commodity routed in the network.
For this problem, the demand is given by (4.57) and the capacities on the arcs are given
by (4.58)-(4.60). In Magnanti et al. (1986), the authors show that any fixed value p >
YieF LreT y?, is optimal for the problem. This leads to a minimum cost flow problem to
be solved for each commodity d,;,. Note that this minimum cost flow problem can be
solved by means of the procedure described in Algorithm 2.

Finally, it has been seen in the literature that the core point selection leads to different
Pareto-optimal cuts, see in particular Magnanti and Wong (1981). In our experiments,
we tested two strategies for the core point selection. In the first strategy, for any facility
I, the core point is fixed during the whole process to y?l =1 and y?[ =0.51ft > 2. The
second strategy is similar to the one used in Papadakos (2008). In the second strategy,
for any facility i, the core point is initialized to y?t = 1 and dynamically updated as y?t =

0.5y% +0.59%.

Cut aggregation

As mentioned in the previous sections, each DSP, gives one possible optimality cut
to be added to the master problem. Therefore, we could add one optimality cut per sup-

broblem to accelerate the convergence of our algorithm (see Birge and Louveaux (1988)).
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However, this addition of a large number of cuts at the same time may worsen the per-
formance of the algorithm because of the time taken to solve the master problem at each
iteration (see de Camargo et al. (2008)). We tested eight ways of adding cuts to the mas-
ter problem at each iteration: adding one cut per subproblem, adding one cut per retailer,
adding one cut per period, adding one cut per scenario, adding one cut per retailer and
scenario, adding one cut per retailer and time period, adding one cut per scenario and time

period, or adding one single cut. The effect of these strategies is discussed in Section 4.5.

4.5 Numerical experiments

The following three sections give the results of the numerical experiments we con-
ducted. We first present results for stochastic instances following a uniform demand dis-
tribution, with data based on the instances used in Gruson et al. Gruson et al. (2019a).
We then present results where the demand at the retailer level is generated using other de-
mand distributions. Finally, we present results for an extension where we allow lost sales
at the retailer level. In the following tables, we assess the performance of our decomposi-
tion approach with respect to different indicators: the number of optimal solutions found
(opt), the CPU time taken to solve the instances (Time) and the subproblems (Time-SP),
the best lower bound obtained during the search (BLB), the objective function value of
the MIP optimal solution when available, or the cost of the best solution found otherwise
(BUB), the number of nodes in the search tree (Nodes), the number of times the master
problem was solved (It), the gap reported at the end of the time limit (Gap) and, finally,
the gap compared to the solution given by CPLEX (C-Gap). For a particular instance, the
gap compared to the solution given by CPLEX is the gap between the best solution found
by a particular version of the algorithm and the best solution given by CPLEX at the end
of the CPU time limit. The gap reported at the end of the time limit, for a particular ver-
sion of the algorithm, is the gap between the best lower and upper bounds found during

the search.

We further report the expected value of perfect information (EVPI) and the value of
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the stochastic solution (VSS). These indicators were proposed by Birge and Louveaux
(1997) in the context of two-stage linear programs. In case the optimal solution for the
2S-3LSPD was not found, the best upper bound was used to calculate these indicators,
which leads to an approximation of these values. The EVPI represents the additional
cost of the stochastic model compared to the case where the actual demand for the whole
time horizon would have been known in the first stage. The VSS represents the possible
gain (in terms of lower expected costs) from solving the actual stochastic model, using
a specific set of scenarios, instead of using the expected value for the parameters and
applying the resulting plan to each of these demand scenarios. In the following tables,
both the VSS and EVPI are computed as a percentage of the optimal solution cost.

For the experiments, we used the CPLEX 12.8.1.0 C++ library and turned off CPLEX’s
parallel mode. We set the CPLEX MIP tolerance parameter to 107, The other CPLEX
parameters are set to their default value. The computation time limit imposed to solve
each instance is 6 hours. The results reported all take into account the addition of LBL
inequalities since initial experiments have shown that their addition has a huge impact on
the performance of the decomposition approach. We performed our experiments on a 2.1

GHz Intel E5-2683 v4 processor with only one thread.

4.5.1 Results for the 2S-3LSPD

In order to assess the performance of our decomposition approach to solve the 2S-
3LSPD, we conducted numerical experiments based on the instances used in Gruson et
al. Gruson et al. (2019a). In their experiments, the authors set the number of retailers |R|
equal to 50, 100 or 200, and the length of the time horizon |T| is equal to 15 or 30. The
number of warehouses |W| is set equal to 5, 10, 15 or 20. Note that we just consider a
number of warehouses equal to 5, 10 or 20. The demand at the retailers is generated both
in a static and dynamic way from UJ[5,100]. The fixed costs at all levels are generated
in a static and in a dynamic way. The fixed costs are generated from U[30000,45000],
from U[1500,4500], and from U[5, 100] for the production plant, the warehouses and the
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retailers, respectively. All the demands and fixed costs are generated as integer values.
The unit inventory holding costs are static and are set to 0.25 and to 0.5 for the production
plant and for the warehouses, respectively. For the retailers, the unit inventory holding
costs are generated from U[0.5, 1]. The holding costs take continuous values. The number
of demand scenarios generated is set equal to 5, 50 or 100. The number of time periods
is set equal to 15. For each combination of settings, Gruson et al. Gruson et al. (2019a)
generated five instances leading to 480 different instances to be solved. In our case, we
have 540 instances to be solved.

For ease of reading, we only display a subset of the results obtained among all our
tests. This subset uses the setting for the MIR procedure and aggregation of cuts which
provided the best average results obtained over all instances. For the cuts added at the
root node, we set a limit to 0, 50 or 100 in order not to add too many cuts at the root
node, which would remove only a small portion of the search space. We use the MIR
procedure every 1, 5 or 10 iterations, and only when cuts are added at the root node. For
the MIR procedure, the scaled parameter 3 is set to 0.5. Finally, we impose initial setups
at each facility. Indeed, as we have no initial inventory, there must be production and an
order placed by each warehouse and retailer to satisfy the demand of the first period for
each retailer. The interested reader is referred to Gruson et al. Gruson et al. (2019b) for
detailed results. These results indicate, in particular, that the way cuts are aggregated has
a high impact on the different indicators. On the contrary, the number of cuts used at the
root node and the interval between two iterations with the addition of MIR cuts have a
less substantial impact.

In the tables, each line represents a version of the Benders-based B&C algorithm with
or without the use of Pareto-optimal cuts, and with the subproblems solved by CPLEX
or by the procedure we designed. In the Pareto column, we denote by MW the use of
Algorithm 2 to solve a parametric minimum cost flow problem and derive Pareto-optimal
cuts. In case we use Pareto-optimal cuts, we specify if these cuts were obtained using a

fixed core point (F), or using the procedure proposed by Papadakos Papadakos (2008) (P).
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Table 4.2 — Results with one cut added per retailer and time period, |S| = 5,|T| = 15, 100
iterations at the root node and MIR procedure every 10 iterations

Core Time Time Gap C-Gap Opt EVPI
Parcto  ~+ - CPLEX | BLB  BUB ) sp( Nodes It ) %) ( %’) )
v F v 321270 321271 1532 215 1752 57 0 0 97.22 0.6
v P v 321268 321271 1498 738 3800 52 0.01 0 94.44 0.6
v F X 321270 321271 1436 113 3154 56 0 0 04.44 0.6
v P X 321270 321271 1026 137 2715 49 0 0 97.22 0.6
X - v 321270 321271 1565 52 1583 48 0 0 94.44 0.58
X - X 321045 321271 2335 14 1695 63 0.02 0 91.67 0.58
MW F X 321265 321271 1348 14 1269 75 0 0 94.44 0.62
MW P X 321219 321271 1419 15 304 64 0.01 0 94.44 0.62
CPLEX 321271 321271 1320 - 0.97 - 0 0 100 -
Table 4.3 — Results with one cut added per retailer and time period, |S| = 50,|T| = 15, 50
iterations at the root node and MIR procedure every 5 iterations
Core Time Time Gap C-Gap Opt EVPI
Pareto point CPLEX BLB BUB ) SP (s) Nodes It %) (%) %) %)
v F v 325334 325339 3320 2591 661 38 1.35x10™>  -45.82 97.22 0.82
v P v 325322 325340 2856 2150 254 37 429x107° -45.82 97.22 0.82
v F X 325285 325350 3142 2698 104 41 0.02 -45.81 97.22 0.82
v p X 312531 325339 3181 2618 347 35 2.78 -45.82 94.44 0.82
X P v 325304 325341 1421 536 236 38 0.01 -45.82 97.22 0.82
X P X 325288 325342 2061 93 495 43 0.01 -45.82 97.22 0.82
MW F X 325338 325339 993 90 3272 48  2.16x107%  -45.82 97.22 0.82
MW P X 325300 325341 948 87 165 42 0.01 -45.82 97.22 0.82
CPLEX 268866 509431 13602 - 0.22 - 47.22 0 50 -

The last line represents the results obtained by CPLEX directly.

Tables 4.2-4.4 present the results we obtained during the computational experiments.

We only display the best results obtained among all the experiments we performed. For

the 25-3LSPD, these best results were obtained with one cut added per retailer and time

period at each iteration. This finding is in line with the results obtained by Adulyasak et

al. Adulyasak et al. (2015).

Table 4.2 indicates that for the instances with 5 scenarios, our proposed algorithms

have a similar performance compared to CPLEX. Tables 4.3 and 4.4 show the superiority

of our Benders decomposition approach compared to the use of a general-purpose solver

for the instances with more scenarios. First, the CPU time taken to solve the instances is

much lower with our approach. Second, the solutions found are of much better quality as
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Table 4.4 — Results with one cut added per retailer and time period, |S| = 100,|T| = 15,
100 iterations at the root node and MIR procedure every 10 iterations

Core Time Time Gap C-Gap Opt EVPI A"
Pareto point CPLEX BLB BUB ©) SP(s) Nodes It %) (%) %) %) (
v F v 295841 321212 21631 5457 96 50 5.56 -55.13 91.67 0.79 0
v P v 298997 321210 6119 5844 42 53 4.64 -55.13 94.44 0.79 0
v F X 295674 321213 5610 4981 119 55 5.57 -55.13 91.67 0.79 0
v P X 309570 321212 5022 4536 109 52 2.8 -55.13 94.44 0.79 0
X P v 321120 321217 2474 1157 360 55 0.02 -55.13 04.44 0.79 0
X P X 321084 321213 2449 371 237 67 0.03 -55.13 94.44 0.79 0
MW F X 321130 321210 1834 351 988 88 0.02 -55.13 97.22 0.79 0
MW P X 321158 321211 1688 277 351 59 0.01 -55.13 97.22 0.79 0
CPLEX 227051 528880 17199 - 0 - 33.33 0 53.33 -

illustrated by the negative values obtained in the C-Gap columns. These negative values
indicate that CPLEX struggles to find solutions of good quality compared to our approach.
Finally, the number of optimal solutions obtained is much higher. These three elements
indicate that the use of a Benders decomposition approach is well suited for this problem
and outperforms CPLEX both in terms of quality of solution and efficiency to obtain this
high quality solution. One can note in the results reported here that the enhancements
have a big influence in the experiments. Indeed, the best results are always obtained with
the use of the MIR procedure, indicating the benefits of using such a procedure for the
stochastic problem. Here, the use of our procedure to derive Pareto-optimal cuts gives
excellent results both in terms of CPU time, on the number of optimal solutions found
and on the quality of the solution.

In Tables 4.2-4.4, one can see that the values obtained for EVPI are relatively low,
ranging between 0.58 and 0.82%. This is explained by the way we generated the demands
for the retailers. Indeed, the demands for each retailer are generated in an independent
fashion, which gives, on average, a stable demand for the plant despite the differences that
can exist between the demands of the different retailers. To validate this hypothesis, we
conducted additional experiments with correlated demands for the retailers. We initially
generate the demand for the first retailer and the demands for the other retailers range
between 0.5 and 3 times the demand for the first retailer. In these additional experiments,

we kept the same possible numbers of retailers, warehouses and scenarios, and the same
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possible demand and cost structure. On average, the correlation coefficient we obtain
for the demands between the retailers is 0.58. The value of EVPI we obtained on these
instances is 15.88%, 6.33% and 3.55% for a number of scenarios equal to 5, 50 and 100,
respectively. These additional experiments were made with 100 cuts at the root node,
an aggregation of cuts per retailer and time period, the MIR procedure done every 10
iterations and the use of Pareto optimal cuts obtained through our specialized with a core
point updated as in Papadakos Papadakos (2008).

In light of the results shown in Tables 4.2-4.4, we can draw the following conclusions.
First, the Benders decomposition approach is able to find solutions of much better quality
than CPLEX for a large number of instances and the aggregation of cuts among all sce-
narios gives excellent results. Then, the use of Pareto-optimal cuts is beneficial especially
when we derive cuts without solving an auxiliary problem. Finally, the use of a MIR

procedure helps accelerate the solution process.

4.5.2 Results for the 2S-3LSPD with different demand distributions

We conducted additional experiments with different demand distributions at the re-
tailer level. The demand distributions are the same as the ones used in Tunc et al. Tunc
et al. (2018). In their experiments, Tunc et al. Tunc et al. (2018) consider that the demands
are normally distributed with a fixed coefficient of variation o equal to 0.1, 0.2 and 0.3.
They further consider an erratic and a lumpy pattern for the mean demands. For the erratic
pattern, the mean demands are drawn from UJ0, 100]. In the case of the lumpy pattern, the
mean demands are drawn from UJ0,420] with probability 0.2 and from UJ0,20] with prob-
ability 0.8. Table 4.5 presents the results we obtained for each demand distribution setting.
In Table 4.5, each line represents 540 instances solved, using the same settings as in the
previous section. Based on the results obtained from the experiments in Section 4.5.1,
we only conducted experiments with the use of Pareto-optimal cuts obtained through our

specialized algorithm and with a dynamic core point as in Papadakos Papadakos (2008).

In Table 4.5, the first two columns indicate the demand pattern used to generate the
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Table 4.5 — Results with different demand distributions

Time Time Gap C-Gap Opt EVPI VSS
Pattern o BLB BUB ©) SP (s) Nodes It (%) %) %) %) %)
Erratic 0.1 320225 320279 1481 165 364 64 0.01 -31.86 954 0.53 0.35
Erratic 0.2 320115 320154 1323 143 493 64 0.01 -31.84 96.3 0.64 0.33
Erratic 0.3 320103 320122 1318 146 603 63 0.005 -32.78 96.3 2.31 0.11
Lumpy 0.1 312240 312244 904 140 682 62  0.001 -25.78 98.1 5.59 0.82
Lumpy 0.2 312124 312141 941 138 376 63 0.004 -26.33 97.2 5.66 0.83
Lumpy 0.3 311987 311998 827 139 223 61 0.003 -26.53 98.1 6.31 0.96

demand, along with the coefficient of variation used. The results displayed in Table 4.5
show once again the superiority of our specialized algorithm over CPLEX. In particular,
we have obtained the optimal solution in almost all cases. When we are not able to prove
optimality, the cost of the solution is close to the optimal one, as stated by the Gap column.
This very good performance of our algorithm on different demand distributions is another

strength of our Benders-based branch-and-cut.

4.5.3 Results for the 2S-3LSPD with lost sales

We conducted experiments on an extension of the 2S-3LSPD where we allow for lost
sales. In that case, constraints (4.13) are replaced by (4.21). We penalize the lost sales in
the objective function through a unit penalty cost Isc,;. We set the value of this penalty
cost as a multiple p of the retailer holding cost. We set p equal to 0, 5, 10, 20 and 100.
For these experiments, we use the same set of instances as in Section 4.5.1. Table 4.6
presents the results we obtained for each unit penalty cost, among all instances. Similar
to the experiments in Section 4.5.2, we only conducted experiments with the use of Pareto-
optimal cuts obtained through our specialized algorithm and with a dynamic core point as
in Papadakos Papadakos (2008). In Table 4.6, the column Extra time indicates the extra
time taken by our algorithm compared to CPLEX. The columns All LS, Part LS and No
LS report the proportion of instances for which all the demand went to lost sales, part of
the demand went to lost sales and no demand went to lost sales in the optimal solution,
respectively.

The results reported in Table 4.6 once again illustrate the superiority of our algorithm
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Table 4.6 — Results with the possibility of having lost sales

Time Time Extra Gap C-Gap Opt EVPI VSS NoL

P BB BBy P tmem % N gy @ @ o @ (@)
0 0 0 0.54 0 0.31 0 0.66 0 0 100 0 0 0
5 259753 259753 1931 1320 -8203 2385 37 0 -39.51 03.81 0.28 0.11 16
10 294398 294410 2843 1992 -8910 2860 63 0 -18.99 R7.42 1.21 0.36 59
20 302193 302203 2736 1718 -6216 4277 71 0 -113.93 84.72 1.02 0.21 93

100 322559 322608 1352 126 -9355 273 55 0.01 -33.65 96.29 0.74 0.07 100

compared to CPLEX alone, both in terms of CPU time and quality of the solution ob-
tained. One can also see that when the lost sales cost are low there is a tendency to have
a lot of lost sales, because the setup costs would be too high compared to the lost sales
costs. On the contrary, when the lost sales costs become high, it is worth paying for a

setup and actually satisfying some part of the demand.

4.6 Conclusions and future research

We have tackled the 2S-3LSPD and have applied a Benders decomposition to solve
it, starting from the multi-commodity formulation of the problem. This decomposition
yields numerous subproblems, one for each commodity. The use of such a decomposition
naturally leads to the development of a Benders-based branch-and-cut algorithm where
the solution of the different subproblems acts as a separation algorithm. We have further
proposed some improvements to the initial algorithm. These improvements include the
generation of Pareto-optimal cuts, the generation of cuts at the root node of the tree, the
use of a MIR procedure and the addition of lower bound lifting inequalities. We have
also developed a specific procedure to efficiently solve the different subproblems and the
Pareto problem instead of using a general-purpose solver. We have performed extensive
numerical experiments to assess the performance of our decomposition technique on the
solution of the problem. In these experiments, we varied the way the demand is generated
and we also allow for possible lost sales. The use of a Benders-based branch-and-cut
algorithm to solve the 2S-3LSPD gave good results, especially for the large instances. The

cuts added at the root node and the LBL inequalities also speed up the solution process,
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along with the use of CPLEX to solve the subproblems. The results obtained show the
superiority of the Benders decomposition approach over CPLEX. The further use of our
specific procedure to derive Pareto-optimal cuts without solving an auxiliary problem is
in particular very useful to speed up the solution process. Finally, using a MIR procedure
also improves the CPU time taken to solve the instances.

In future research we want to introduce routing decisions in the problem between the
warehouse and the retailers instead of having direct shipments. The approach introduced

here could be used in a heuristic if the routing decisions are relaxed.
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Chapitre 5

Top-down and bottom-up heuristics for
an integrated three-level lot sizing and

replenishment problem

Information sur le chapitre

Ce chapitre est un travail en cours.

Abstract

We address a three-level lot sizing and replenishment problem (3LSRP), which is an
extension of the classical two-level production routing problem. We consider one pro-
duction plant that produces several items over a discrete and finite planning horizon. The
items produced are used to replenish warehouses and then retailers. The items are sent
from the plant to the warehouses using direct shipments, and routes are built to deliver
the goods from the warehouses to the retailers. The shipments between the plant and the
warehouses, and between each warehouse and the retailers are performed by a homoge-
neous fleet of capacitated vehicles. We also impose production capacity restrictions at

the plant. The objective is to minimize the sum of the fixed production and replenish-



ment costs, of the variable inventory holding costs at all three levels, and of the routing
costs. We develop a branch-and-cut algorithm to solve this problem and compare it to
two heuristics we design. The first heuristic uses a top-down approach with the produc-
tion decisions being the leading decisions. In the second heuristic, we use a bottom-up
approach representing a situation where the replenishment decisions at the retailer level
are the leading decisions. We run numerical experiments to assess the performance of
each heuristic. We further analyze the impact of allowing split demands or split deliveries

on the performance of each heuristic.

5.1 Introduction

One of the major challenges in supply chain planning is the coordination and inte-
gration of operational decisions. A sequential approach in the decision making process,
compared to an integrated approach, will result in sub-optimal or inconsistent plans (see,
Vogel et al., 2017; Absi et al., 2018). Other potential benefits of integration, both in terms
of money and customer service, explain why this area has attracted a lot of research over
the last decades. Early studies include those of Chandra and Fisher (1994), Brown et al.
(2001) and Cetinkaya et al. (2009). These studies refer to the production routing problem
(PRP) and report considerable cost savings for the companies in a context where a cen-
tral plant replenishes several customers. There is therefore an integration of production,
inventory and distribution decisions. The interested reader is referred to Adulyasak et al.
(2015b) for a review of models and solutions algorithms for the PRP.

With a growing size and complexity of supply chains, there is now a need to incor-
porate even more levels of the supply chain in order to benefit from the gains achieved
by the integration of operational decisions. In that spirit, Perboli et al. (2011) have intro-
duced the two-echelon vehicle routing problem (2E-VRP). In this problem, goods are sent
from a plant to customers through distribution centres (DCs). There are routing decisions
between the plant and the DCs, and between the DCs and the customers. However, in

a global market, the routing part between the plant and the DCs is not always relevant.
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Indeed, the plant and DCs cannot always be reached by ground transportation, especially
if the plant and DCs are separated by water. Besides, the quantities transported between
the plant and the warehouses are typically much larger than the quantities transported be-
tween the warehouses and the retailers. Therefore, the shipments done between the plant
and DCs are more likely to be direct shipments. Unlike the problem we address in this
work, the 2E-VRP does not incorporate any production decision. Note finally that the
2E-VRP considers just one time period compared to our case where we consider several
time periods.

We propose here to follow this line of research by studying a three-level lot sizing
and replenishment problem (3LSRP). We consider one production plant (level zero) that
produces several items over a discrete and finite planning horizon. The items produced are
used to replenish warehouses (level one) and then retailers (level two), in order to satisfy
the demand at the retailer level. The items are sent from the plant to the warehouses using
direct shipments, and routes are designed to deliver the goods from the warehouses to
the retailers. The shipments between the plant and the warehouses are direct and subject
to capacity restrictions. In a similar spirit, the shipments between each warehouse and
the retailers are performed using homogeneous capacitated vehicles. We must therefore
decide on the set of retailers to be visited in each time period by each vehicle, and the
sequence of the visits to the retailers. We also consider production capacity restrictions at
the plant. The objective is to minimize the sum of the fixed production and replenishment
costs, of the variable inventory holding costs at all three levels, and of the routing costs.
We do not consider unit production costs nor unit transportation costs. Indeed, if we
consider static unit production and transportation costs, it will just result in a constant
added to the objective function since the complete demand must be satisfied.

A related problem, the three-level lot sizing and replenishment problem with a dis-
tribution structure (3LSPD), was analysed by Gruson et al. (2019a). However, there are
several distinctions between that prior work and the work presented here. First, we add

transportation capacity requirements. Second, compared to Gruson et al. (2019a), the
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fixed assignment of retailers to warehouses is relaxed: the retailers can be served by any
warehouse in each time period. Third, there are no direct shipments between the ware-
houses and the retailers. Instead, there are routes constructed to do the deliveries between
the warehouses and the retailers. Finally, in our prior work, the focus was on the mod-
elling aspect while in this paper the focus is on solving the problem efficiently through
heuristics.

The motivation for this problem setting is to more closely match the situations faced
by companies in practice. Indeed, due to urban constraints, deliveries between ware-
houses and retailers cannot always be performed by big trucks. This is not the case for
deliveries between larger facilities, the production plant and the warehouses in our case.
We also integrate realistic constraints such as the transportation capacity constraints. Note
that the assumption of having an unlimited fleet of vehicles to make the deliveries be-
tween the plant and the warehouses corresponds to the possible use of third party logistics
providers to make these deliveries.

This paper makes three main contributions. First, we extend the work presented in
Gruson et al. (2019a) by studying a more realistic version of the 3LSPD, which we call
3LSRP. In particular, we add capacity requirements and include routing decisions. The
problem is also an extension of the traditional PRP to include a third level. Second, we
develop two heuristic algorithms to efficiently solve the problem. The first heuristic is
a top-down procedure that represents a case where the production decisions are made
first. The second heuristic is a bottom-up procedure that represents a case where the
replenishment decisions at the retailer level are made first. This distinction has already
been proposed by Darvish and Coelho (2018) in the context of an integrated production,
location and distribution problem. The performance of the heuristics is compared to a
branch-and-cut algorithm we develop to solve the problem exactly. Third, we also eval-
uate the gains obtained from the possibility of having split demands and split deliveries.
The literature on the PRP and related problems such as the inventory routing problem

(IRP) usually assumes that each customer can be visited by one truck only in each time
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period, but that the demand of a specific time period # can be spread over several periods
before period z. From an operations perspective, the first assumption restricts the delivery
possibilities, while the second one gives more flexibility. Building on these two assump-
tions, we define the notion of split demand and split delivery. Split demand means that
for any retailer r and any period ¢, the demand of retailer r in period ¢ can be shipped over
several periods before period ¢. Split delivery means that in each time period, a retailer
can be visited by several trucks coming from the same warehouse. We therefore compare
the costs of the solutions obtained when we allow delivery splitting or not, and when we
allow demand splitting or not. This leads to four different settings that we investigate.
The remainder of this paper is organized as follows. We first review the literature
relevant to our study in Section 5.2. We then present a mathematical formulation along
with valid inequalities for the problem in Section 5.3. In this section, we also describe the
additional constraints needed to impose the various cases with respect to the demand and
delivery splitting. We also give details about an exact branch-and-cut algorithm we de-
signed to exactly solve the problem. The top-down and bottom-up heuristics are presented
in Sections 5.4 and 5.5, respectively. Section 5.6 reports the results of the computational
experiments performed to assess the performance of our heuristics. This is followed by

the conclusion in Section 5.7.

5.2 Literature review

We review here the literature on several multi-echelon routing problems that relate
to the 3LSRP we study here. First, we review the literature on the 2E-VRP. Second,
we briefly review the literature on the PRP. Note that the 3LSRP studied here is also
an extension of the 3LSPD. As the 3LSPD was introduced very recently, we refer the
interested reader to the references in Gruson et al. (2019a) and Gruson et al. (2019b) for

a review of works similar to the study of the 3LSPD.
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5.2.1 Two-echelon vehicle routing problem

Most of the papers that consider two-echelon routing problems incorporate routing
decisions between levels zero and one, and between levels one and two. The vehicles
used for the transportation between levels zero and one are usually larger than the ones
used between levels one and two. The reason for this difference is that the vehicles used
to do the second part of the routing must cope with limitations coming from urban areas.
Most of these works further consider multiple depots for level zero. In that sense, there is
deconsolidation and consolidation of goods at the second set of depots (level one): items
received from different depots are deconsolidated and then mixed to make the deliveries
to the end customers. Recall that compared to the 2E-VRP we consider direct shipments
between levels zero and one and that we include production decisions at level zero. Note
that we only quickly review the literature on the 2E-VRP. The interested reader is referred
to Cuda et al. (2015) for a more extensive review of the literature linked to two-echelon
routing problems.

The two-echelon VRP was initially introduced by Perboli et al. (2011). They propose
a mathematical model along with valid inequalities and two matheuristics to solve the
problem. They also define the different variants of this problem, which include capacity
requirements, satellite synchronization and time windows, among others. These variants
have been well studied later in the literature. For instance, Grangier et al. (2016) con-
sider time windows at the customer level. They propose an adaptive large neighbourhood
search algorithm to solve the problem while considering synchronization for the routes
that end and start at level one. In the same vein, Dellaert et al. (2019) propose four MIP
formulations for the problem without synchronization and develop a branch-and-price
algorithm to solve it.

Darvish et al. (2019) study a two-echelon VRP and incorporate flexibility in the de-
cisions. In their case, the intermediate facilities, i.e., the facilities of level one (called
distribution centers), can be rented and one must decide on such possibilities. They also

consider flexibility in satisfying the due dates of the customer orders. When the due dates
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are not met, a penalty is paid. They propose a MIP formulation for the problem together
with valid inequalities. The problem is solved using an enhanced parallel exact method.
Several works incorporate environmental considerations. Soysal et al. (2015) consider
fuel consumption in the objective function. This cost is dependent on the speed of the
trucks and the authors therefore also incorporate different speed possibilities depending
on the time of the delivery. The inclusion of this feature is done with the aim to represent
a realistic case where one wants also to minimize the environmental impact of the routes.
They develop a MIP formulation and propose valid inequalities for their problem. They
use a general purpose solver to address the real case of a supermarket chain in the Nether-
lands. Wang et al. (2017) study the same problem and solve it by means of a matheuristic
based on variable neighbourhood search. Breunig et al. (2019) consider the electric case
where there are some recharging stations available for the vehicles. They develop both a
large neighbourhood search metaheuristic and an exact algorithm to solve the problem.
Jie et al. (2019) study a similar problem but consider the possibility of swapping batteries
for the electric vehicles. They solve this problem by a combined column generation and
adaptive large neighbourhood search algorithm. Anderluh et al. (2019) introduce the no-
tion of *grey zone’ for customers that are at the frontier of urban areas. The deliveries to
the end customers (echelon two) can originate from depots located in echelon zero or one.
The assignment of customers to each kind of depots is included in the decision variables
of the proposed model. They further incorporate greenhouse gas (GHG) and disturbance
in their objective function, along with transportation costs. Disturbance is defined as the
external effect of noise and congestion to local citizens. They develop a metaheuristic that
combines large neighbourhood search and multi-objective methods to find a Pareto front

for their problem.

5.2.2 Production routing problem

In the PRP there are two levels, namely the plaﬁt and the customers. The objective of

the PRP is to jointly optimize the production, distribution and inventory decisions. The
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distribution between the plant and the customers is done by a fleet of capacitated vehicles
that follow some routes that must be constructed during the optimization process. The
3L.SRP studied here can be seen as an extension of the PRP to three levels, but with direct
shipments between levels zero and one. The interested reader is referred to Adulyasak
et al. (2015a) for an extensive review of the PRP.

The PRP has attracted a lot of research since the early work of Chandra and Fisher
(1994) and the success stories reported in Brown et al. (2001) and Cetinkaya et al. (2009),
at Kellogg and Frito-Lay, respectively. From a modelling perspective, the works on the
PRP deal with the merge between formulations arising from the lot sizing literature and
formulations arising from the VRP literature. Indeed, the PRP can be seen as an inte-
gration between a lot sizing problem (LSP) and a VRP. On the LSP side, the classical |
(Wagner and Whitin, 1958) or transportation (Krarup and Bilde, 1977) formulations have
been mostly used. This last formulation is in particular useful in the case of perishable
products (see, Dayarian and Desaulniers, 2019). On the VRP side, there has been for-
mulations both with and without vehicle indices. In the VRP, the vehicle index is used
when the fleet of vehicle is heterogenous (see, e.g., Baldacci et al., 2008). Note that in the
context of the PRP, formulations both with and without vehicle indices have been used
(see, e.g., Adulyasak et al., 2015a). In case a vehicle index is used, the reason is to avoid
having fractional subtour elimination constraints.

From a methodological perspective, because of its complexity, the PRP has been
mainly solved by heuristics or metaheuristics. We present the most recent approaches.
Adulyasak et al. (2015b) develop an adaptive large neighbourhood search algorithm (ALNS).
Initially, a pool of different solutions is built by iteratively solving production-distribution
and routing subproblems. Each initial solution is then improved in the ALNS. Absi et al.
(2015) propose a two-phase iterative heuristic approach. The first phase is a capacitated
lot sizing problem (CLSP) that handles the production and inventory decisions. In this first
phase, the routing costs are approximated. The second phase consists in solving a travel-

ling salesman problem (TSP) to actually construct the routes. The procedure iterates by
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updating the approximated routing costs. Solyali and Stiral (2017) design a heuristic that
comprises five phases. First, a TSP is solved to determine the best tour among all clients
and plant. The tour obtained, called a priori tour, is used as an input in the second phase
to decide on the production, inventory and delivery quantities. The third phase actually
constructs the routes by solving capacitated VRPs or TSPs. The solution obtained is im-
proved in the fourth phase by allowing some insertion and removal of clients in the routes.
The fifth phase improves the solution obtained after the fourth phase by solving a TSP on
each route built. Recently, Chitsaz et al. (2019) designed a three-phase matheuristic to
solve the assembly routing problem (ARP), which also proved successful when applied to
the PRP. In the ARP, the objective is to jointly optimize visits at the suppliers to pick-up
materials that are assembled to produce an end-item whose demand is known. The first
phase of the matheuristic solves a special LSP to obtain a production setup plan. In this
first phase, the cost to dispatch a vehicle from the plant is approximated. The second
phase consists in deciding which suppliers to visit and how much to pick-up from them.
In this second phase, as in Absi et al. (2015), the routing costs are approximated. Finally,
the third phase solves a series of VRPs to obtain a solution for the initial problem. This
solution is also used to update the transportation costs in the second phase.

Recently, numerous extensions of the PRP have been studied. We can mention here
the inclusion of delivery time windows (Neves-Moreira et al., 2019), of carbon emissions
(Qiu et al., 2017), of visit-spacing decisions (Avci and Yildiz, 2019), or of routes extend-

ing to several periods (Miranda et al., 2018), among others.

53 A transportation based formulation

In this section we present the mathematical formulation for the problem. Table 5.1
lists all the sets, parameters and decision variables used in the mathematical model. This
formulation can be seen as a combination between the classical and the transportation
formulations proposed by Gruson et al. (2019a) for the 3LSPD. Note that regarding the

routing part, the formulation used here is similar to the transportation formulation pro-
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Table 5.1 — Sets, parameters and decision variables used in the combined classical and
transportation model

Sets

P set containing the unique production plant, P = {p} C F w set containing the warehouses, W C F

R set containing the retailers, R C F V(w) setof trucks available at warehouse w

7 set of items T set of time periods

E setof edges, E = {(i,/) 1 i, e RUW,i < j,iV j € R} E(S) setofedges(i,j) € Esuchthati,j€Sand SC RUW
F set of all facilities, F = PUWUR E(i) setofedges (j,j') €Esuchthat j=iorj =i
Parameters

sc,  setup cost at the plant for item / in period ¢ dj, demand of retailer r for item { in period ¢

scy  setup cost for warehouse w in period ¢ dy total demand for retailer r in period ¢

sc;  setup cost for retailer r in period ¢ dy, total demand for retailer r between periods k and ¢
hc{, holding cost for facility j in period ¢ for item i dp demand at the plant for item i in period ¢

cij cost to go from facility i to facility j dﬁd demand at the plant for item i between periods k and ¢
o production capacity available in any period ¢ St setup time for item i

vy volume of item i VI variable production time for item i

CPW  capacity of the trucks used to make the deliveries between the plant and the warehouses

C"R  capacity of the trucks used to make the deliveries between the warehouses and the retailers

Decision variables

Dir quantity of item 7 produced at the plant in period ¢

a4 quantity of item i ordered by warehouse w in period ¢

i  quantity of item i ordered by retailer 7 in period & from warehouse w to satisfy d/,

Il{ inventory of item / in facility j at the end of period ¢

yﬁ binary setup variable that takes the value 1 if there is a setup for item i in period ¢

v number of trucks used to do deliveries between the plant and warehouse w in period ¢

¥y binary setup variable that takes the value 1 if there is an order placed by retailer r in period ¢

il number of vehicles used by warehouse w in period ¢ to make deliveries to retailers

7,  total number of times retailer r is visited by the vehicles of warehouse w in period ¢

Zj,  binary variable that takes the value 1 if retailer r is visited by a vehicle of warehouse w in period ¢

Xijny  number of times the edge from i to j is used in period ¢ by vehicles of warehouse w

posed by Alvarez et al. (2020) in the context of the IRP with perishable products. The

formulation is as follows:
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yhe{0;1} VielteT (5.22)

v eN VteT (5.23)
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The objective function (5.1) minimizes the sum of the setup costs, of the inventory
holding costs at each facility, and of the routing costs. We consider a fixed cost when-
ever there is a truck used for delivery between the plant and any warehouse. The routing
costs are computed based on the distance the distance travelled by the trucks available
at the warehouses. Constraints (5.2)-(5.3) are the inventory balance constraints for the
plant and the warehouses, respectively. Constraints (5.4) are the demand satisfaction con-
straints at the retailer level. Constraints (5.5)-(5.7) are the setup constraints for the plant,
the warehouses and the retailers, respectively. Constraints (5.6) further compute the num-
ber of trucks used for the deliveries between the plant and each warehouse. Constraints
(5.8)-(5.10) are the capacity restrictions for production at the plant, for transportation be-
tween the plant and the warehouses, and for transportation between the warehouses and
the retailers, respectively. Constraints (5.11) link the order and visit variables for the re-
tailers. Constraints (5.12) link the different visit variables. Constraints (5.13) state that
each retailer can be visited by one warehouse only in each time period, possibly by several
trucks. Constraints (5.14) limit the number of trucks available at each warehouse. Con-
straints (5.15) are the degree constraints. Constraints (5.16) are the subtour elimination
constraints. These can be found in the literature as general fractional subtour elimination
constraints (GFSEC). Finally, constraints (5.17)-(5.28) define the domains of the decision

variables.
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5.3.1 Valid inequalities

We propose several valid inequalities to strengthen the proposed formulation. We start
by presenting valid inequalities related to the lot sizing part of the model, and then to the
routing part of the model. The valid inequalities presented here are added a priori to the

model.

Valid inequalities for the lot sizing part

To strengthen the lot sizing part of the problem, we add the following valid inequali-

ties:

k=1 |T|
Sik_] + Z S?jk_l + Z Z Z Z <Q;‘ulw_dlr,1,k—1> 2 dﬁct

weWw reRweW y=1[=uy
t
- Y dhyy VielLk<teT (529
j=k
b di,
> |t Viel,teT (5.30)
]gykt |>Ct —Stll
Tiervidf
Y Yo (—‘—GC—P;—VAi VieT. (5.31)
weW k<

Inequalities (5.29) are an adaptation of the (I,S,WW) valid inequalities. They impose
a setup if the total inventory in the whole supply chain is not sufficient to satisfy the
demand. The left hand side of inequalities (5.29) represents the notion of echelon stock,
which is the total stock of item i in the supply chain at the end of period k — 1. Inequalities
(5.30) compute the minimal number of setups required at the plant to satisfy the demand
of a specific item, given the production capacity available. Inequalities (5.31) define the
minimum number of trucks that will be used to make the deliveries between the plant
and the warehouses, given the total demand over all the items since the first period of the

planning horizon.
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Valid inequalities for the routing part

To strengthen the routing part of the problem, we add the following valid inequalities:

Xijtw < Zpy VreR,(i,j))EE(F),wEWtET
(5.32)
Xwrtw < 22, VreRweW,teT (5.33)
Ty <7 VreRweW,teT (5.34)
Z < [V(w)y! VreRweWteT (5.35)
t—s—1 |T|
Z Z Zq”tlw llt —5— l< Z It—J
weW u=1 [=u
<Zd1z ,) (Z ZZ[ jw) VreRicl,s<teT,t>2. (536)
weW j=0

Inequalities (5.32) impose that there must be a visit if a vehicle visits a particular retailer.
Inequalities (5.33) are similar and impose a visit to warehouse w when one of its vehicle
is used. Inequalities (5.34) impose a minimum number of vehicles to be dispatched from
a warehouse if there is any retailer visited by this warehouse. Inequalities (5.35) impose
a setup at a retailer if it is visited by any warehouse in a certain time period. Finally, in-
equalities (5.36) impose retailer replenishment when the inventory is not sufficient. These

last inequalities have been initially proposed by Archetti et al. (2011).

Valid inequalities that combine the lot sizing and routing parts

We can also add valid inequalities that link the replenishment quantities and the visit

variables, making a link between the lot sizing and routing parts. These are as follows:

it < A2y VreRweW,iclk<teT. (5.37)

Note that in the numerical experiments, we added these inequalities in the case where

delivery splitting was prohibited only.
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5.3.2 Split demands and deliveries

We further want to explore the possibilities of having split demands or split deliveries
to ship the goods from the warehouses to the retailers. Recall that delivery splitting means
that a retailer can be visited by several trucks in the same time period while demand
splitting means that, for a specific retailer #, its total demand over all items in a specific

time period, i.e., d;, can be shipped over several periods.

The proposed model (5.1)-(5.28) allows both demand and delivery splitting. However,
if we prevent delivery splitting, we add the following constraints, which impose that at
most one vehicle can visit each retailer in any period:

Y #,<1 VreRteT. (5.38)
wew

If we prevent demand splitting, we need an additional set of variables. Let ¥/ be

krw

a binary variable taking the value 1 iff the total demand of retailer  in period ¢ will be

delivered in period k from warehouse w. We further add the following constraints:

Qi < A Yis VreRweW,iclk<teT (5.39)
Y Yy, <1 Vr€RteT (5.40)
weW k<t

Yo € {0:1} VreRweW,k<teT. (541)

Constraints (5.39) link the ordering variables and the newly defined Y}, = variables.
Constraints (5.40) impose that the deliveries for all items must be done in at most one pe-
riod. The inequality sign allows for the demand to be equal to zero. Table 5.2 summarizes
the constraints that must be added to the original model (5.1)-(5.28), depending on the
splitting possibilities. Note that this table does not take into account the valid inequalities

introduced previously.

5.3.3 Branch-and-cut algorithm

The number of GFSECs (5.16) in the model is exponential, making it intractable.

Therefore, it is appropriate to use a branch-and-cut approach to try and solve the problem
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Table 5.2 — Constraints to be added to (5.1)-(5.28) based on the splitting possibilities

No demand splitting | Demand splitting
No delivery splitting (5.38)-(5.41) (5.38)
Delivery splitting (5.39)-(5.41) -

exactly, using the callback features of solvers. Several branch-and-cut approaches have
been proposed in the context of the PRP and IRP, see in particular Adulyasak et al. (2014)
and Alvarez et al. (2020), respectively. To separate the GFSEC, we use the four heuristic
separation algorithms proposed by Lysgaard et al. (2004) in the context of the VRP. We
call this procedure for each period and each warehouse. Let g}, , ijn» and Z,, be the
current values of variables g7, . X;jne and zj,,, respectively. For each warehouse and each
time period, we start by building a graph from the set of nodes such that 7/, > 0. In these
graphs, the edges have a weight equal to X;;,,, and the delivery quantities to each retailer
are Set t0 Y ier Y k>t Ty

Note that we can also separate the traditional subtour elimination constraints (SECs).

The SECs are definied as follows:

Y Y xipmw<Yd,—%, VSCRIS|>2,weW,reT,ecsS. (5.42)
i€S jes, j#i €S

To separate the SEC, we use an exact separation algorithm that solves a series of minimum
s —t cut problems. It allows us to detect, for each warehouse and for each time period,
the violated SECs. We build a graph from the set of retailers such that zJ,, > 0 and set
the arc values to X; . Then, for each retailer node of the constructed graph, a minimum
s —1 cut problem is solved, setting the warehouse node as the source node and the retailer
node as the sink node. Let (S,.77) be the minimum cut. Whenever the capacity of the

minimum cut found is less than 27, , we check whether the subtour elimination constraint

Tw?e
with e = argmaxcgz.,, is violated. If yes, a violated SEC is found and is added to the
problem (see, Solyali and Siiral, 2011). To solve the minimum s —¢ cut problems, the
Concorde solver of Applegate et al. (2011) is used.

Both the GFSECs and the SECs are separated at the root node. In the branch-and-
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bound tree, these constraints are separated only when an integer solution is found. This is

done in order not to add too many cuts in the tree.

5.4 A top-down heuristic

Because of the intractability of the model, we develop a top-down heuristic algorithm
to solve the problem efficiently. This heuristic is an iterative procedure that decomposes
the problem into two smaller problems. We start with an initial assignment of the retailers
to the warehouses, for each time period. Then, the first problem determines the production
quantities at the plant along with the ordering decisions at the warehouse level. The
solution of this first problem is used as an input to the second problem, which determines
the ordering quantities at the retailer level. These two problems are specific versions of
the one warehouse multi retailer problem (OWMR). In the OWMR, a central warechouse
replenishes a set of retailers over a discrete and finite horizon. The formulation used for
the different OWMRSs is the multi-commodity formulation proposed by Cunha and Melo
(2016). We do so in light of both the theoretical and practical observations made in Cunha
and Melo (2016) and in prior work by the authors (Gruson et al., 2019a). After a certain
number of iterations for each of these OWMR, we diversify the search by changing the
retailer assignment to the warehouses, for each time period. Between two iterations of the
resolution of the first OWMR, we add diversification constraints that enforce a change in
the plant or warehouse setup plans. Between two iterations of the resolution of the second
OWMR, we update an approximation of the routing costs. The following sections present

in more detail the different steps of the top-down heuristic.

S5.4.1 Step 1: initial assignment of the retailers

We start the heuristic by assigning the retailers to the different warehouses, for each
time period. In other words, the assignment defines from which warehouse the demand

of each retailer in each time period will be satisfied. Initially, we assign each retailer to
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its closest warehouse, for each time period. We then check that this initial assignment
is consistent with the transportation capacity requirements. Otherwise, we heuristically
reassign retailers so as to satisfy these requirements. This initial assignment allows us to
solve one travelling salesman problem (TSP) for each warehouse and its assigned retailers
in each time period. The tours obtained are used later in the heuristic to define the routes,
based on the ordering variables. This idea of solving a TSP beforehand has been proposed
in the context of the IRP by Solyal1 and Stiral (2011). In the sequel we denote by R(w,?)

the set of retailers » whose demand in period # will be satisfied by warehouse w.

5.4.2 Step 2: solution of a first OWMR

In the second step of the heuristic, we solve a special OWMR considering only the
plant and the warehouses. The objective is to obtain the production quantities at the plant
level, and the ordering quantities at the warehouse level. Note that the assignment of
retailers to warehouses allows us to derive the notion of a demand for the warehouses. We

set the demand for the warehouses as djf =} cg(y,) djp- Let X P be the amount produced

wikt
at the production plant in period k to satisfy dj and let X}, be the amount transported
from the production plant to the warehouse w in period & to satisfy d}f. Let also sﬁ)l.kt be
the amount stocked at the production plant at the end of period & to satisfy ¢, and let St
be the amount stocked at warehouse w at the end of period & to satisfy d}. We further use
the same setup variables for the plant and the warehouses as the ones used in Section 5.3.
Finally, we denote by &, the Kroenecker delta that takes the value 1 iff k =¢. The OWMR
we solve in this second step is as follows:

Min ) (Zscf;yg + Y s+ YN Y (hehsh —{—hc}fcs}}’d)) (5.43)

teT \iel wew el weW k<t

Stk X = X TSt VweW,iclteT k<teT (544)

s;‘fk_l;tth},ﬁt:Sktd;f+(1—5k,)s};t VweW,ielteT k<teT (545

xP., <diyvh VweW,ielteT k<tcT (546)

wikt —
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o< dyyy VweW,icelteT k<teT  (547)

Yo NN vexP + Y sty <P VteT (5.48)
weW iel k>t il
Y Y vixp <Py YwewpreT (5.49)
ielk>r
XD X, sk st >0 VweW,ielteT,k<teT  (550)
yh € {0;1} VielteT (5.51)
vy eN YweW,reT. (5.52)

If we solve this problem without additional constraints, we may obtain infeasible so-
lutions for the third step of the heuristic where we decide on the ordering decisions at the
retailer level. Indeed, we may have ordering quantities at the warehouse level that are
higher than the transportation capacities to deliver the goods to the different retailers. Let

VY = Yiervidy, andlet Cp) " = (1 —k+1)|V (w)|C"R. We add the following constraints:

r
VY Y vxy >V oYt YweWk<teT|VY>crky, (5.53)
il l<ku=k

Considering a time interval from periods & to ¢, the left hand side of constraints (5.53)
calculates the amount of space occupied by items sent before period & to satisfy demand
in periods k to . This amount must be at least as big as the additional transportation
space needed (above the total available space) to transport the total demand from periods
k to t. If we do not allow demand nor delivery splitting, constraints (5.53) are still valid
but do not impose that there must be no splitting at all. Indeed, in the right hand side of
constraints (5.53), there may be a split of demand for one or more retailers. This right
hand side only represents a lower bound on the quantity that must be delivered before
period k. Let V" be the demand of retailer r in period #, converted into volume, i.e.,

V! =Y ;ervid},. Therefore, if we do not allow demand nor delivery splitting, we add the
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following constraints:

!
. . i, W WR,
Z Z E ViXi‘?/u > maX{mlnkSuSt,rGR(w,u){Vz: }YCI’;Z } Vwe W>k <te T{Vkv; > th "
i€l l<ku=k

(5.54)

Constraints (5.54) indicate that, if the cumulative demand of warehouse w between peri-
ods k and 1, converted into volume, exceeds the cumulative transportation capacity avail-
able at this warehouse between the same periods, then the quantities ordered strictly be-
fore period k to satisfy demand between periods k and ¢ must be greater than the lowest
demand, converted into volume, and C,’c’;i’l’w, where C,’{’:m’w represents the minimum quan-
tity that must be delivered to satisfy the non splitting constraint. Example 5.4.1 illustrates
how we compute this minimum quantity on a small instance. Note that the addition of
constraints (5.54) makes a link between the second and third steps of the heuristic, and
helps the heuristic find good integrated plans. From an operational perspective, it links
our operational decisions, and therefore differs from a sequential approach that would be
totally myopic regarding the links between the operational decisions. In the second step

of our algorithm, we solve the problem defined by (5.43)-(5.54) with a general purpose

solver.

Example 5.4.1. In case we do not allow delivery or demand splitting, we have introduced
constraints (5.54) to define the minimum quantity that must be ordered by a warehouse if
its cumulative demand exceeds the transportation capacity available to deliver the goods
to its retailers. Table 5.3 is used to illustrate the problem that arises when we do not allow
for delivery and demand splitting. In Table 5.3, we display the demands for a four period
example with one item and one warehouse being in charge of 5 retailers. We consider that
the volume of each item is equal to 1. In Table 5.3 each line represents one period and

each column one retailer.

In this small example, we further set the transportation capacity C"% equal to 100
and we consider that we have one truck available. In period 2, we do not have enough

transportation capacity. One could argue that we must deliver in period 1 the missing

146



Table 5.3 — Demands for a small instance

Retailer

Period 1 2’ 3 4 5 Total demand
1 5 25 10 10 20 70
2 30 20 15 20 25 110
3 5 5 5 5 5 25
4 20 30 15 20 40 125

capacity, being 110 — 100 = 10 units. However, this would imply delivery splitting since
the minimum demand of a retailer is 15 units for retailer 3. Therefore, before period 2,
we must at least deliver 15 units and the right hand side of constraints (5.54) will be 15
in period 2.

Let us consider now the case of period 4. In period 4, we have 120 units to deliver
but 100 units of transportation capacity. As in the case of period 2, one could argue that
we need to deliver in the previous periods the minimum demand of the retailers, being 15
units for retailer 3. This is however not enough since we would still have 125 —15 =110
units to deliver. A quick look at the numbers indicate that we would need to deliver at
least 30 units in the previous periods. This represents the demand of retailer 2 and will
allow us to satisfy both the non splitting and the transportation capacity requirements.
To find this minimum quantity, we actually solve a knapsack problem. Let k and t,k < t,
be two periods such that ¥;ervidly, > (t —k+ 1)CVR|V(w)|. We define yn, as a binary
variable that takes the value 1 iff the total demand for retailer r in period u € [k;t] will be

delivered strictly before period k. We solve the following knapsack problem:

Mini Y <Zvidi’u> Yru (5.55)

u=kreR(wu) \i€l

11
sty ¥ ():v,fd;;) Y > Y VY — C R (5.56)

u=kreR(wu) \i€l i€l
v €{0;1} Vucekt],r € Rwu). (5.57)
The objective (5.55) minimizes the total volume that must be delivered strictly before
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period k and constraint (5.56) defines a lower bound on this minimum volume, which is

Cmin,w

the missing capacity. The value of the objective function is what we defined as C,

Between two iterations of Step 2, we additionally add diversification constraints to
avoid having the same setup patterns. The idea of the diversification constraint comes
from the local branching strategy of Fischetti and Lodi (2003) and has already been pro-
posed by Fischetti et al. (2004). Let ¥ and ) be the optimal values of the plant and
warehouse setup variables after a specific iteration of Step 2, respectively. We add the

following constraints:

¥ -+ Y = (5.58)

iellyh=1 t[55=0
Y Y -+ Y Y w1 (5.59)
weW 3% >0 weW t[3¥=0

In our heuristic, we start by adding diversification constraints linked to the ware-
houses, i.e., constraints (5.59). Once we have performed a certain number of iterations of
Step 2, we add the diversification constraints linked to the plant, i.e., constraints (5.58),
and continue with new iterations of Step 2. If we add a new diversification constraint (5.58)
related to the plant, we remove all the current diversification constraints (5.59) present in
the model. On the contrary, if we add new diversification constraints (5.59) related to the
warehouses, we do not remove any other diversification constraints present in the model.

Note that we remove all diversification constraints after Step 4.

5.4.3 Step 3: solution of a second OWMR

In the third step of our heuristic, we solve a second OWMR. This OWMR does not
integrate the routing decisions. The routes will actually be constructed once this sec-
ond OWMR is solved, based on the ordering decisions at the retailer level. Recall that
when we execute Step 3, we already have an assignment of the retailers to the different

warehouses. Therefore, we denote by W (r,#) the warehouse assigned to retailer r for its
XW(r:t)

demand in period 7. Let X ..’ be the amount ordered by warehouse W (r,) to the plant
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in period k to satisfy dj,, and let X/,

v D€ the amount delivered to retailer r by vehicle v

belonging to W (r,t) in period & to satisfy d,. Let also sf‘;]ft " be the amount stocked at
warehouse W (r,¢) at the end of period & to satisfy dJ, and let s, be the amount stocked
at retailer r at the end of period k to satisfy d}y. We use the same visit variables z/,, and
retailer setup variables y; as in Section 5.3, but impose binary conditions on the z/,,, vari-
ables. Let IC;W(;; ) be a temporary cost linked to the retailer visit variable Z;W(r, )’ which
approximates the routing costs. Let O}/ be the quantity of item 7 available at warehouse w
in period . This quantity is computed from the solution obtained in Step 2. If we denote
by X :fk the optimal value of the X}, variables obtained after an execution of Step 2, the
available quantities are computed as 0¥ = Yy, Xy Let finally V,, = V(W (r,1)). The
second OWMR we solve is as follows:

Min Z (Z seyi+ ) L0 ()2t (1) T Z ) (hcl/» . ‘r/‘z/k(rrt "{"hczkszkr)) (5.60)

teT \reérR réeR reRk<tiel

s. tsi e 2; L) reRiclteT,k<teT  (5.61)
VEVy
Sttt Y Xy =Oudh+(1—8y)shy VreERI€t€Tk<teT (562
VeVrl
Y Y xp. < VweW,icLkeT (5.63)
reR{wt)t=k
Y Y xp, <R YweW,keT,veV(w) (5.64)
rER(w) 12k
Ly < Al VreRjielteT k<teT,veV,
(5.65)
e < dhzh, VweW,k<teT,reR(wt),icl
(5.66)
Y 4, <1 VreRteT (5.67)
weW
XY, 5% >0 VrERwEW €T, k<tcT (5.68)
Sige 2> 0 VreRteT k<teT (5.69)
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ey > 0 VreRteT k<teT,veV, (570)

v, € {0;1} VreRteT,veEV, (5.71)

z, €{0;1} VreRweW,tcT. (5.72)

Constraints (5.61)-(5.62) are the inventory balance constraints at the warehouse and re-
tailer level, respectively. Constraints (5.63) make the link between the second and third
steps of the heuristic, where the orders made at the warehouse level are limited by the
orders made in the second step of the heuristic. Constraints (5.64) are the transporta-
tion capacity constraints. Constraints (5.65) are the setup constraints at the retailer level.
Constraints (5.66) link the ordering and visit variables. Constraints (5.67) state that each
retailer can be visited by a unique warehouse in each time period. Finally, constraints
(5.68)-(5.72) define the bounds and domains of the decision variables.

Regarding the splitting possibilities, if we prevent demand splitting only, we add a
new set of binary variables z} taking the value 1 iff retailer r is visited in period k for its

demand in period . We add the following constraints:

oy < dhzl VreRicLk<tcTveEV, (5.73)
Y <1 VrcRteT (5.74)
k<r

7 €{0;1} VreRk<teT. (5.75)

Constraints (5.73) link the order variables to the new binary variables. Constraints
(5.74) state that the demand of a specific retailer for a specific time period cannot be
split over several periods. If we prevent delivery splitting only, we define a new set of

Hr

binary variables z;;, taking the value 1 iff vehicle v visits retailer r in period k. We add the

following constraints:

L < dhZll VrceRi€lLk<teT,veVy (5.76)

Y < VrcRteT (5.77)
veV(W(rt))

2T e {0;1} VreRteT,veV,. (5.78)
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Constraints (5.76) link the order variables to the new binary variables. Constraints
(5.77) state that deliveries cannot be split per truck. Finally, if we prevent demand and
delivery splitting, we define a new set of binary variables Y}, taking the value 1 iff vehicle

v visits retailer » in period k for its demand of period ¢. We add the following constraints:

v < di Yy, VreRjiclLk<teT,veVy (5.79)
Y ) <1 Vr€ERteT (5.80)
/CSZ‘VEVr[

Y, €{0;1} VreRk<teT,veV,. (5.81)

Constraints (5.79) link the order variables to the new binary variables. Constraints
(5.80) actually state that the deliveries per period and vehicle cannot be split.

In order to obtain a feasible solution, we first need to construct routes. To construct
the routes, we do not solve a TSP for each vehicle of each warehouse after each iteration
of Step 3, based on the values of the retailer visit variables. Instead, we initially solve
TSPs a priori with the current assignment of retailers, i.e., the assignment in Step 1 or
the new assignment in Step 4. We call these tours a priori tours, in the same vein as the
idea used by Solyal1 and Siiral (2011) for the PRP. This makes the cost update mechanism
between two iterations of Step 3 go faster since we already have a tour to follow. In case
we identify a retailer which is visited but not present in the a priori tour, we actually solve
a TSP. Such situation may happen if a retailer r is visited in period k for its demand in
period ¢ (k < 1) and that W (r, k) # W (r,¢). In our experiments, this rarely happens. Based
on these a priori tours and on the solution obtained in Step 3, we can construct the routes.
The routes we construct follow the sequence of retailers in the a priori tours, but we skip
the retailers that are not visited, i.e., the ones for which the value of the setup variable y’,
is equal to zero. This allows to construct a feasible solution for the whole problem and to
actually compute the exact routing costs. These exact routing costs are used between two

r

iterations of Step 3 to update the temporary costs tcjy, ()"

We tested numerous cost update mechanisms, among which we only present the one

that gave good results in initial experiments. For any retailer r visited in a route, we set
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the cost tc;‘W (1) tO Crpr+ Crry — crprx,k where r;, and r; are, in the a priori tour, the facilities
that are actually visited in the current solution just before and after retailer r, respectively.
Note that if a retailer is visited in several routes, we sum all the costs related to the different
visits. For any retailer » not visited in period 7, we identify the best insertion in the current
routes. We then set the cost zcj,, to Cror + Crry = Cryprys where r, and r; are the facilities

visited in the best insertion identified, just before and after retailer r, respectively.

5.4.4 Step 4: diversification of the search

Once we have performed Steps 2 and 3, we need to diversify the search. Indeed, the
solution obtained after executing Steps 2 and 3 is closely related to the assignment of
the retailers to the different warehouses, done in Step 1. We have tested three different
strategies to reassign the retailers: based on the cost per unit of demand, based on the
number of retailers linked to each warehouse and based on the cost per unit transportation
capacity available. In each strategy, for each time period 7, we construct a set W+ (z)
containing the warehouses that can accept more retailers, and a set W™ (¢) containing the
warehouses that should have fewer retailers. For each warehouse w € W™ (), we take,
in the set R(w,7), the furthest retailer r from warehouse w. We then find the warehouse
w' that will lead to the smallest increase of cost in the a priori tour when we add r to
R(W,t). If w' € W*(r), we actually move retailer » from R(w,) to R(w/,z). Otherwise,
we do not reassign retailer » and move to the next warehouse in W~ (¢). Note that we also
tried to change the retailer that was the most costly but initial experiments have shown
that choosing the furthest retailer led to a better performance of the heuristic. We give
more details on each of these strategies in the following sections. In particular, we will

explain how we built the sets W™ (¢). We will then have W () = W\W ().

Reassignment based on the cost per unit of demand

In this strategy, we compute the total cost C}* for each warehouse, in each time period.

This total cost comprises the inventory holding costs and the setup costs at the warehouse
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and its retailers, and the routing costs between the warehouse and its retailers. We then
divide C}” by Y ;c;d}. We finally compute the average cost per period C;, over all ware-
houses. For each period ¢, the set W™ (¢) contains the warechouses that have a cost C¥

greater than C;. In the sequel we refer to this strategy as the CD strategy.

Reassignment based on the number of retailers

In this strategy, we compute the average number of retailers linked to each warehouse,
for each time period. We denote by R, this average. For each period t, the set W—(t)
contains the warehouses that have a number of retailers greater than R,. In the sequel we

refer to this strategy as the BW strategy.

Reassignment based on the cost per unit of transportation capacity

In this strategy, we compute the total cost C}” for each warehouse, in each time period,
in the same way as with the CD strategy. We then divide this cost by [V (w)|C"&, which
represents the total transportation capacity available. We finally compute the average cost
per period C;, over all the warehouses. For each period 7, the set W~ (t) contains the
warehouses that have a cost C}¥ greater than C;. In the sequel we refer to this strategy as

the CC strategy.

5.4.5 Step 5: improving the solution

Once we have obtained a final solution to our problem, we perform an improvement
step. We take the routes of each vehicle and each time period and solve a TSP problem
on each of these routes. Indeed, despite the a priori tour generated initially, the best tour
is not necessarily the subtour we can extract from this a priori tour. This last step is again
performed using the Concorde solver (Applegate et al., 2011). Note that this last step
exactly corresponds to the fifth step of the heuristic proposed by Solyali and Siiral (2017)
for the PRP.
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5.4.6 Pseudo-code for the top-down heuristic

A sketch of the full top-down heuristic is presented hereafter. In Algorithm 3, the
parameters itp and itw, itg and itp represent the maximum number of iterations allowed

for Steps 2, 3 and 4, respectively.

Algorithm 3 Sketch of the top-down heuristic
it=0 :
Step 1: initial assignment of the retailers and solving of initial TSPs
while it < itp do
it; =0
while it} < ifp do
it =0
while iy < ity do
Step 2: solve the OWMR (5.43)-(5.52)
Update the available quantities for each warehouse
it3 =0
while it3 < itz do
Step 3: solve the OWMR (5.60)-(5.71)
Build routes and apply the cost update mechanism
ity = itz -+ 1
end while
ity = itp+1
Add diversification constraint (5.59)
end while
itl=itl+1
Add diversification constraint (5.58) and remove all diversification constraints
(5.59)
end while
Step 4: reassign the retailers to warehouses, build a priori tours and remove all di-
versification constraints (5.58) and (5.59)
end while
Step 5: improve the best routes by solving TSPs

5.5 A bottom-up heuristic

In this section we present a bottom-up heuristic. This heuristic represents a situation

where the distribution decisions to the retailers lead the operational decisions of the com-
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pany. In this heuristic we start by solving a series of single-item uncapacitated lot sizing
problems (SI-ULSP), one for each retailer. This gives the best replenishment plan for
each retailer. We then solve a facility location problem that will decide which warehouse
will be responsible to replenish which retailers in each time period. This second step also
allows us to build delivery routes. In this second step, we approximate the routing costs
in a similar way as in the top-down heuristic. We then perform some iterations in this
second step to improve the routes obtained. At the end of this second step, we have a
replenishment plan for the warehouses. In a third step, we solve a OWMR with the plant
playing the part of the warehouse, and the warehouses playing the parts of the retailers.
In this OWMR, the demand is computed based on the replenishment plan for each ware-
house. Finally, we diversify the search by changing the initial replenishment plans of the
retailers and repeat the whole procedure. We give details on each step in the following

sections.

5.5.1 Step 1: solution of SI-ULSPs

We start the bottom-up heuristic by solving a SI-ULSP for each retailer. We set the
demand in each time period as a total weighted demand over all items. The weights used

are the values of the holding costs for each item, i.e., d] = Y, hchdl,

.d;;. The setup costs

considered are the same as previously, i.e., the sc; values, and do not incorporate any rout-
ing cost. These SI-ULSPs are solved by a backward dynamic programming algorithm as
described in Pochet and Wolsey (2006). Solving these SI-ULSPs gives us the best re-
plenishment plan for each retailer individually. Before proceeding to Step 2, we make
some adjustments to these plans, to take into account both transportation and production
capacity requirements. As in the top-down heuristic, the adjustment of the replenishment
plans prevents the bottom-up heuristic from being myopic about the rest of the decisions
to be made. The adjustments related to the transportation and production requirements
are presented in Algorithm 4. Let I(z) be the set of items that are ordered in period 7. In

Algorithm 4, "capacity" is replaced by ¥ ,,ew [V (w)| x C¥R or by CF — ¥ 1(r) St if we are
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adjusting the replenishment plans to meet the transportation or production requirements,
respectively. Besides, the parameter @; is replaced by v; or by v; if we are adjusting the
replenishment plans to meet the transportation or production requirements, respectively.
The function "findBestRetailer(r, £)" returns the retailer ; whose cost of moving part of
the orders between periods ¢ and ¢ + 1 is minimized. The shift includes a new setup in

r

period 7 + 1 and the quantity ordered in period 74 11is ¥ ;¢; D

PRE where ' represents,
after period 7, the next period with an order placed in the initial replenishment plan of re-
tailer r1. Note that there is still a setup in period ¢ and that the quantity ordered in period
is Dy. In the sequel, we denote by Y (r) the set of periods with an order placed by retailer
r, and denote by 0}, the quantity of item i ordered by retailer r in period ¢ in the solution
obtained from step 1. Note that we first adjust the replenishment plans to satisfy the trans-

portation capacity requirements, and then to satisfy the production capacity requirements,

if needed.

Algorithm 4 Adjustment of the replenishment plans to satisfy the capacity requirements

forr €T do
capacityUsed = },.cg Y ey 040
while capacityUsed > capacity do
findBestRetailer(ry, 1)
capacityGained = Y;e; 4D}, .| 4,
capacityUsed = capacityUsed - capacityGained
end while
end for

5.5.2 Step 2: solution of a facility location problem

Once we have a replenishment plan for each retailer, we turn to the assignment of
retailers to warehouses. This is done by solving a problem similar to a facility location
problem. Let X/, be a binary variable equal to 1 iff warehouse w delivers to retailer r
in period 7 and let aj,, . be the proportion of o/, delivered by vehicle v of warehouse w
in period k. Let vcy,, be a temporary cost linked to variable X, which approximates the

routing costs. Finally, let x}; be equal to 1 iff 9}, > 0 and 0 otherwise. The model we use
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is as follows:

Min) Yy ) (chwX' +yY ¥y ¥ Zhﬁ‘;aikw) (5.82)

reRweWrel i€l ng w) k<t u=

sty Y Y al,mw X VreRjiclteT (5.83)
k<tkeY (r) weW veV (w
Aoy < X, VreRiclweWk<reT,veV(w)
(5.84)
Y N Y vivhdh,, <C"F YweW, ke T,veV(w) (5.85)
reRi>kiel
Y X, <1 VrcRteT (5.86)
weW
Ay = 0 VreRweW,iclLk<teT,veV(w)
(5.87)
X, €{0;1} VreRweWeT. (5.88)

The objective function (5.82) minimizes the sum of the visiting costs and of the inven-
tory holding costs at the retailer level. Constraints (5.83) are the demand satisfaction
constraints. Constraints (5.84) link the assignment variables and the delivery variables.
Constraints (5.85) are the transportation capacity constraints. Constraints (5.86) state that
aretailer can be visited by one warehouse only in every period. Finally constraints (5.87)-
(5.88) define the bounds and domains of the decision variables.

We take the delivery splitting possibilities into account in this second step of the
bottom-up heuristic. If we prevent demand and delivery splitting, we impose that the
al,,, variables must be binary.

If we prevent delivery splitting only, we define binary variables X, equal to 1 if
vehicle v belonging to warehouse w visits retailer r in period k. We then add the following

constraints:

ey < Kooy VreRweW,iel,k<teT,veV(w) (5.89)
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X/ <Xl VreRweW,keT,veV(w) (5.90)

Z < VreRweWKkET (5.91)

veV(w

X,’;,,ve{og} VreRweW,teT,vEV(w). (5.92)

Constraints (5.89) link the delivery variables and the new binary variables. Constraints
(5.90) link the new binary variables and the assignment variables. Finally constraints
(5.91) state that at most one vehicle can visit each retailer in each time period.

If we prevent demand splitting only, we define binary variables X]" equal to 1 iff the

demand of retailer r in period ¢ will be delivered in period k. We then add the following

constraints:
Al < X0 VreRweW,ielk<teTveV(w) (5.93)
Y X <1 VreRteT (5.94)

k<t

Xpre {0;1} VreRk<reT. (5.95)

Constraints (5.93) link the delivery variables to the new binary variables. Constraints
(5.94) impose that the demand of a specific time period for a specific retailer is served in

at most one period.

In the objective function (5.82), the costs vcj,, linked to the visit variables are updated
based on the routes constructed at each iteration of the heuristic. This is done in order to
intensify the search and obtain better routes, in terms of costs. The routes are constructed
by solving a TSP for each vehicle of each warehouse. For any period # and for any retailer
r visited by vehicle v of warehouse w, we set the cost vc],, to Crpr + Crry — Cr,r,, Where 1y,
and r; are, in the current route of vehicle v, the facilities that are visited just before and
after retailer r, respectively. If a retailer is visited by several vehicles, we sum those costs.
For any retailer r not visited by warehouse w, we identify the best insertion in the current
routes. We then set the cost vcj,, to Cror + Crrg = Cryrys where r, and r; are the facilities that

visited just before and after retailer r, respectively.
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5.5.3 Step 3: solution of a OWMR

Once we have performed several iterations of Step 2, we proceed to Step 3. In this
step, the objective is to find an optimal production plan, given the orders of the warehouses
obtained in Step 2. We therefore have to solve an OWMR problem very similar to the one

solved in Step 2 of the top-down heuristic. Let X},, and @

Ty D€, 1N the solution obtained

after Step 2, the values of variables X/, and Qi TESPECtively. The demand dy at the
warehouses is computed as ). RIX,=1 k<t XveV(w) O Giswy LNE decision variables used
in this third step are the same as in the OWMR solved in Step 2 of the top-down heuristic.

The problem to be solved is given by (5.43)-(5.52).

5.5.4 Step 4: diversification of the search

Once we have performed Step 3, we have a feasible solution for our problem. How-
ever, this solution is highly dependent on the initial replenishment plans of the retailers.
We therefore diversify the search by changing the initial replenishment plans at the re-
tailers. We change the setup costs of the retailers based on the adjustment of the plans
done in Step 1. For each retailer whose replenishment plan has been changed because of
capacity requirements in period #, we set its setup cost sc/ to a large value. If we do not
have to adjust the replenishment plans, we proceed differently. We compute the total pro-
duction quantities at the plant for each time period. We denote by t,,;, the period whose
production quantity at the plant is the lowest, but strictly positive. We finally set the setup

cost of the retailers to a large value in period f,;,.

5.5.5 Pseudo-code for the bottom-up heuristic

A sketch of the full top-down heuristic is presented hereafter. In Algorithm 35, itz
and ity are used to represent the maximum number of iterations done to diversify and

intensify the search, respectively.
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Algorithm 5 Sketch of the bottom-up heuristic
while ir < itg do
Step 1: solve a SI-ULSP for each retailer
Adjust the replenishment plans to satisfy the transportation then production capacity
requirements using Algorithm 4
itp =0
while it, < ity do
Step 2: solve the facility location problem (5.82)-(5.87)
Build the routes from the solution to the facility location problem
Update the costs vc;,,
ity = ity + 1
end while
Compute the demand at each warehouse
Step 3: solve the OWMR (5.43)-(5.52)
Change the replenishment plans of the retailers
it=1it+1
end while

5.6 Numerical results

In order to assess the performance of our heuristics, we conducted numerical exper-
iments on small and large instances. We use the small instances to measure the perfor-
mance of our heuristics based on lower and upper bounds given by the branch-and-cut
algorithm presented in Section 5.3.3.

In all the experiments, we set the production capacity as a given factor C of the average
total demand. The production capacity imposed is thus C* = CY.,.cg Yyer Yicrviidl; / |T).
We set the capacity factor equal to 2 or 1.75. We set the capacity of the trucks used to
make the deliveries between the plant and the warehouses as a given factor C*% of the
average volume that the total demand represents. This transportation capacity is therefore
CPW = CPW Y rYiciYeervidl | |T|. We set the factor C'P% equal to 1. We set the
capacity of the trucks used to make the deliveries between the warehouses and the retailers
as a given factor C'W® of the capacity of the trucks used to make the deliveries between the
plant and the warehouses. This transportation capacity is therefore CWE = C'WR « PV,
We set the factor C'"® equal to 0.5 or 0.4. The number of trucks |V (w)] available at each

warehouse w is set equal to 2 or 5. Finally, the number of items || is set equal to 1, 3 or
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5. The volume v; of each item is set equal to 1. The production time v#; to produce one
unit of item 7 is set equal to 1 for all items.

As in Gruson et al. (2019a), the demand at the retailers is generated both in a static and
in a dynamic way from U[5, 100]. In the case of a static demand, we have d}, = d! V¢ €
T,r € R,i € I. The fixed costs at all levels are also generated in a static and in a dynamic
way. For the production plant, the fixed costs are generated from U[30000,45000]. For
the warehouses, the fixed costs are generated from U[1500,4500]. For the retailers, the
fixed costs are generated from U5, 100]. All the demands and fixed costs are generated
as integer values. The unit inventory holding costs are static and are set to 0.25 for the
production plant and 0.5 for the warehouses. For the retailers, the unit inventory holding
costs are generated from U[0.5,1]. The holding costs take continuous values and are the
same for all items.

To put the facilities on a map, we consider a square whose side length is 100 units.
Both the retailers and warehouses are randomly placed on each square using a uniform
distribution. The distances between the warehouses and their retailers are computed as
the Euclidean distance.

We performed the experiments on a 6.67 GHz Intel Xeon X5650 Westmere processor
with one thread. For the experiments, we used the CPLEX 12.9.0.0 C++ library and
turned off CPLEX’s paralle] mode. For the branch-and-cut algorithm, we set the CPLEX
MIP emphasis parameter to 2. The emphasis is therefore on optimality over feasibility.
Initial experiments have highlighted better results with this setting. All the other CPLEX
parameters are set to their default value. The time limit imposed is 3 hours.

The CPU time limit imposed for the heuristics is set to one hour. For the top-down
heuristic, the number of iterations is set equal to 2, 5, 10 and 5 for Steps 2, 3, 4 and 5,
respectively. This choice of values is based on the results of initial experiments. The
OWMR problems of Steps 2 and 3 are solved using CPLEX, with a gap limit of 1%.
However, we stop the solution process if the time spent between two consecutive integer

solutions is too large compared to the improvement obtained. In more details, let z; and
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Zi+1 be the objective value of the two consecutive integer solutions i and i+ 1, respectively.
Let also cpu; and cpu;1; be the moments when solutions i and i + 1 have been obtained,
respectively. We finally define a threshold S to stop the solution process. This threshold
is computed as 3600/ (itp x itp X itw X itg), where itp, itp,itw and itg are the number of
iterations performed for Steps 4, 2 and 3, respectively. We stop the solution process if
0.0lzg%}i& > §. Note that we made that choice after initial experiments have shown
that the CPU time spent on Step 2 was very long, even if we change CPLEX parameters
or use multiple threads.

For the bottom-up heuristic, the number of iterations is set equal to 10 and 5 for Steps
2 and 4, respectively. This choice of values is based on the results of initial experiments.

In the following sections, the performance of the heuristics is measured as the total
CPU time taken and with the gap between the cost of the solution given by the heuristic
and the cost of the solution found by our branch-and-cut algorithm. These two measures
are denoted by Total CPU and GAP in the tables, respectively. We also report the cost of
the solution found by the heuristic, denoted as BUB.

For the top-down heuristic, we further report the CPU time spent on Steps 2 and 3, and
the CPU time taken to improve the solution. These values are denoted by CPU,, CPUs
and CPU7gp, respectively. For the bottom-up heuristic, we also report the CPU time taken
for Steps 1, 2 and 3. These values are denoted by CPU,, CPU,, CPUs, respectively. All

the CPU times reported are expressed in seconds.

5.6.1 Results on small instances

In the small instances, the number of retailers is set equal to 10 or 20, and the number
of warehouses is set equal to 2 or 4. The number of time periods is set equal to 6. The
results reported in this section are to be compared with the results obtained by our branch-
and-cut algorithm directly, which are reported in Table 5.4. In Table 5.4, the first two
columns indicate the splitting possibilities. The best upper bound and lower bound are

given by BUB and BLB, respectively. The columns CPU time, Nodes and Optimality gap
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Table 5.4 — Results obtained by CPLEX for the small instances

Del.lv.ery Demgnd BUB BLB (;PU Nodes Optimality
splitting  splitting time gap

X X 298031 296986 2249 18463 0.27

X v 297134 295759 3019 14316 0.42

v X 300911 296185 2523 21989 0.84

v v 301457 295444 3258 14989 1.13

Table 5.5 — Results of the top-down heuristic for small instances

Delivery Demand Diversification Total GAP
splitting  splitting strategy BUB  CPU, CPUs CPUrsp CPU (%)
BW 311961 5.6 285 03 2909 582

X X cC 312276 57 2562 03 2622 5.84
CD 311937 56 2113 02 2171 584

BW 310589 5.6 883 0.5 889 4.52

X v cC 312178 57 8861 05 8923 5.06
CD 309593 55 8603 04 8663 4.19

BW 317371 5.8 3527 04 3589 535

v X CcC 317374 5.8 287 03 2932 536
CD 317429 58 2453 02 2513 537

BW 312450 5.6 3571 05 3632 514

v v cC 312516 57 3002 04 3064 5.17
CD 312498 5.6 2359 04 2419 516

report the total CPU time taken by the branch-and-cut algorithm, the number of nodes

explored in the search tree, and the optimality gap at the end of the time limit, respectively.

Results for the top-down heuristic

Table 5.5 gives the results obtained on the small instances for the top-down heuristic.
In Table 5.5, one can see that the solutions obtained by this heuristic are of acceptable
quality, with a gap of around 5% compared to the solution found by the branch-and-
cut algorithm. Given the optimality gaps obtained by CPLEX directly (see Table 5.4),
this gives a gap of around 5% also, between the solution of our top-down heuristic and
the lower bound obtained by CPLEX, on the small instances. Note, however, that these
solutions are obtained in less time compared to the branch-and-cut algorithm.

We further note that the diversification strategy has little impact on the performance of

the top-down heuristic. The quality of the solutions obtained is almost the same regardless
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Table 5.6 — Results of the bottom-up heuristic for small instances

Delivery = Demand Total GAP
splitting  splitting | 00 CPUIL CPU> CPUs (g (%)
X 316182 0 811 1.4 813  7.09
309468 0 472 14 474 417
313820 0 1620 09 1622 4.9
309596 0 1726 1.1 1728 2.7

NN

X
v
v

of the diversification mechanism used. We just note that when we diversify the search
based on the cost per unit of demand, i.e., when we use strategy CD, the CPU time taken
is slightly less than with the other two diversification strategies.

Regarding the use of the CPU time, the majority of the time is spent on solving the
second OWMR. This is expected because of the numerous calls to the third step of the
heuristic. The CPU time taken to solve the first OWMR is relatively small compared to
the total CPU time. This is explained by our procedure that tries to identify a tailing-off
effect. We finally note that the CPU time taken for the improvement of the routes in the
best solution obtained is negligible.

Regarding the case where we allow for split demand only, we note that the second
step takes substantially more CPU time. For this case, we further note that the BUB are

more different for the three strategies, with CD providing the best results.

Results for the bottom-up heuristic

Table 5.6 gives the results obtained on the small instances for the bottom-up heuris-
tic. In Table 5.6, one can see that for the cases where delivery splitting is not allowed,
the quality of the solutions obtained by the bottom-up heuristic is similar to that of the
solutions given by the top-down heuristic if we have demand splitting, but worse if we
do not. We still have a gap of around 4-7% compared to the best solution obtained by
our branch-and-cut algorithm. However, if we allow delivery splitting, the bottom-up ap-
proach is able to reduce this gap to 2.7 and to 4.29 % if we further allow demand splitting
or not, respectively.

This increase in solution quality comes, however, with a large increase of CPU time.
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When we allow delivery splitting, the CPU time now reaches around 1700 seconds, com-
pared to around 300 seconds with the top-down approach. This change in CPU time can
be explained by the complexity of the FL problem compared to the second OWMR solved
in the top-down heuristic. Indeed, the FL problem in the bottom-up heuristic and the sec-
ond OWMR in the top-down heuristic play the same role, which is the intensification to
construct routes of good quality. However, the FL problem is bigger in size, due to a
higher number of decision variables, in particular the assignment variables ., TOT the
bottom-up heuristic, the CPU time taken in Step 1 is too low to be measured in practice.

Finally, the CPU time taken to solve the OWMR is also quite low. This can be explained

by the size of the problem to be solved, and the use of a strong formulation.

Influence of the splitting possibilities

We now analyze the results obtained in general depending on the splitting possibili-
ties. We first note that if we do not allow any demand nor delivery splitting, the CPU time
taken by our branch-and-cut algorithm is smaller than in the other settings, as reported
in Table 5.4. This may sound counter-intuitive because of the additional restrictions im-
posed. However, as there are fewer possibilities in such a case compared to the other
settings with splitting possibilities, it seems to help the solver find a solution quickly. We
also note that we cannot directly compare the costs of the solutions with demand splitting
only compared to the costs of the solutions with delivery splitting only. When we have
no splitting at all, the top-down approach obtains the best results. When we have delivery
splitting (only or with demand splitting allowed too), the bottom-up approach obtains the
best performance, in terms of quality of the solution. Finally, if we have demand split-
ting only, the two heuristics have similar performance. This indicates that the bottom-up
approach is more suitable for a setting with delivery splitting.

As far as our heuristics are concerned, they have different performance depending
on the splitting possibilities. As illustrated in Table 5.5, the top-down heuristic finds

solutions of roughly the same cost regardless of the splitting possibilities. This illustrates
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a drawback of this approach, which seems to handle worse the splitting possibilities.
Indeed, the cost when we allow for both demand and delivery splitting is higher than when
we allow for demand splitting only. As the former case is less restrictive than the later
one, such a situation should not appear. It may be beneficial to have more diversification
iterations in such a setting. Furthermore, the case with only delivery splitting also gives
higher costs compared to the case of no splitting at all. This is also contrary to what we
theoretically would expect.

On the contrary, the bottom-up approach seems to better handle the splitting possi-
bilities. Indeed, one can see in Table 5.6 that the cost of the solutions obtained is lower
when we have some flexibility compared to the case where we do not allow any demand
or delivery splitting.

We further analyzed the proportion of time with demand and delivery splitting that
actually occurs in the integrated plans. For the top-down heuristic, demand splitting oc-
curs for the demand of retailer r in period 7 if Y, z;c’t > 1, and delivery splitting occurs
for the demand of retailer » in period # if Yvev (W () zfj > 1. For the bottom-up heuristic,
demand splitting occurs for the demand of retailer » in period ¢ if Zkng;:f > 1 and deliv-
ery splitting occurs for the demand of retailer r in period ¢ if Yovev(w) Xt/{;v > 1. Table 5.7
illustrates the proportion of demands where delivery and/or demand splitting occurs, de-
pending on the splitting possibilities. In the columns Gap seq we further report the gain,
in terms of total cost, between the solution obtained by our approaches compared to the
solution obtained by a sequential approach. For both the top-down and bottom-up heuris-
tics, we define a sequential approach as an approach with no diversification iterations.
There are, however, still intensification iterations to improves the routes constructed. Let

7" and 7% be the costs of the solution obtained for an integrated and sequential approach,

respectively. The gap compared to a sequential approach is computed as Z"”Z;,ngq

In Table 5.7, one can see that for both approaches, when delivery splitting is allowed,
it is more used compared to when demand splitting is allowed. This may be explained

by the fact that with delivery splitting, the fixed setup cost at the retailer level is shared
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Table 5.7 — Proportion of splitting possibilities for the small instances

Top-down heuristic Bottom-up heuristic CPLEX

Delivery Demand| Del Dem  Gap Del Dem  Gap Del Dem
splitting  splitting | split  split seq split  split seq split  split
B)  (B) (B | () (B (B) | (B) (%)

X X 0 0 -0.2 0 0 -1 0 0
X v 0 0.9 -0.1 0 22 -143 0 4.12
v X 317 0 -02 | 735 0 -5 245 0
v v 329 0.8 -0.4 64.6 1.9 -12.7 | 243 389

by a higher number of vehicles, thus bringing more economies. On the contrary, demand
splitting must be combined with a route that already exists in order not to have an addi-
tional setup cost at the retailer level. We also note that the bottom-up heuristic uses more
the splitting possibilities compared to the top-down approach. This is expected since the
bottom-up approach focuses on the retailer, therefore optimizing the splitting possibility
directly. On the contrary, the top-down approach first deals with the flow of goods be-
tween the plant and the warehouses, which limits the splitting possibilities at the time of
solving the second OWMR of this approach. Regarding the gains compared to a sequen-
tial approach, they are higher with the bottom-up approach, and when demand splitting is
allowed. Again, the fact that the bottom-up approach first takes advantage of the splitting
possibilities is one reason for these higher values compared to the top-down approach.
The second reason is the fact that most of the costs are spent on the setup costs at the
plant and warehouse level. As such, there is little flexibility in terms of the setup plans at
the plant and warehouse level. Therefore, the best setup pattern identified in the top-down

approach is highly likely to be the same in the sequential approach too.

Results with inventory restrictions at the retailer level

To better understand the settings that facilitates demand or delivery splitting, we fur-
ther performed experiments with inventory limits at the retailer level. Let I’ be a factor to

limit the inventory kept on hand. We add the following constraints:

t |7 r
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Table 5.8 — Results of the heuristics on small instances with inventory limit at the
retailer’s level

Top-down heuristic Bottom-up heuristic CPLEX

Delivery Demand CPLEX

o . Total GAP Total GAP| CPU
splitting  splitting | BUB  CPU, CPU; CPUrsp CPU (%) BUB CPU, CPU3 CPU (%) | CPLEX C(}t/;f

(7

X X 313036 57 2719 09 2802 48 | 310668 605.6 13 6072 4.1 | 3967.9 1.5

X v 311162 5.6 6216 03 6285 52 | 310023 4469 1.4 4486 5 3077.3 1.3

v X 312864 5.6 1720 03 179 47 | 299199 10734 1 1074.8 0.7 3832 1.3

v v 312579 57 1456 03 1524 49 | 303507 13596 1 1360.9 0.5 3325 1.3

Y Y vix ) < p A fT‘T!‘ VreRi€T (5.97)
iel k<r
<
Z Z Z Z vl kawv = le_ Vr eRteT. (598)
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Constraints (5.96), (5.97) and (5.98) are added to the full MIP model, to the second
OWMR solved in the top-down approach, and to the facility location problem in the
bottom-up approach, respectively. In the experiments, we set the inventory factor I’ to
1 and 2. Tables 5.8 illustrates the average results obtained with an inventory factor equal
to 1 and 2. Note that for the top-down approach, we only report results with the use of the
CD strategy for the update of the assignment of retailers to warehouses since it obtained
the best results in the previous experiments.

In Table 5.8, one can see that the values of the gap obtained with inventory limit are
roughly the same compared to the values obtained without inventory limit. We only note
that when delivery splitting is allowed, the bottom-up approach obtains solutions of high
quality with a gap less than 0.7% compared to the solution obtained by CPLEX. The gap
reported by CPLEX at the end of the time limit is always around 1.3%, indicating that
the quality of the solutions obtained by our approaches is around 6%. Regarding the CPU
time taken to solve the instances, the same conclusions stands as for the instances without
inventory limit. However, for CPLEX, the CPU times are bigger, illustrating the higher
difficulty of those instances. The fact that our approaches do not face such increase is a
clear advantage of our approaches. Finally, regarding the cost of the solutions obtained,

we can draw the same conclusions as for the instances without inventory limit. The top-
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Table 5.9 — Analysis on small instances with inventory limit at the retailer’s level

Top-down heuristic Bottom-up heuristic CPLEX
Delivery Demand| Del Dem  Gap Del Dem  Gap Del Dem
splitting  splitting | split  split seq split  split seq split  split
) (P (B | B) (B (B) | (B) (%)

X X 0 0 -0.2 0 0 -1.1 0 0
X v 0 1.3 -0.1 0 2.4 -1.4 0 44
v X 324 0 -0.4 73.4 0 -5 2.4 0
v v 30.8 0.5 -0.4 64.6 1.9 -12.7 2.3 4.1

down approach still obtains solutions of similar cost regardless of the splitting possibilities
while the bottom-up approach takes more advantage of the splitting possibilities.

We further analyzed the proportion of demands with delivery or demand splitting for
those instances with inventory limit at the retailer level. Table 5.9 reports the results
obtained. In Table 5.9, we observe similar findings compared to the instances with no
inventory limit. There is always more delivery splitting than demand splitting and the
gains compared to a sequential approach are higher for the bottom-up heuristic. We only
note that for the bottom-up approach, the gain compared to a sequential approach with de-
mand splitting only is much lower compared to instances with no inventory limit. Indeed,
demand splitting induces an increase of inventory on hand at the retailer level whereas

inventory requirements limit such possibility.

Sensitivity analysis

We finally performed a sensitivity analysis on the small instances. The numbers re-
ported in Tables 5.10-5.17 illustrate the results obtained by our two heuristics depending
on the values of the parameters we have in the problem data. We carry this sensitivity
analysis depending on the splitting possibilities, the number of trucks, items, retailers and
warehouses, the value of the production and transportation capacities, the way the demand
and the setup costs are generated, and the potential inventory limit at the retailer level. In
Tables 5.10-5.17, the first two columns indicate the parameter studied and its value used
in the experiments with small instances, respectively. The rest of the columns are the

same as the ones used in Sections 5.6.1 and 5.6.1.
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Table 5.10 — Sensitivity analysis the top-down heuristic, no demand nor delivery splitting

Del Dem Gap

Parameter Value BUB CPU, CPU;3 CPUrgp g%t?} C(};: f split split seq
(%) (%) (%)

v 2 312426 5.6 260.4 0.9 208.6 2.87 0 0 -0.2

5 314063 5.7 271 0.8 279.1 6.89 0 0 -0.2

1 179912 1.6 217.8 0.6 222 5.53 0 0 -0.2

g 3 300249 4.3 2279 0.9 234.4 5.63 0 0 -0.2

5 459572 11 351.4 1.1 365.2 3.53 0 0 -0.1

IR| 10 310331 54 54.9 0.4 61.4 5.37 0 0 -0.1
20 316158 5.8 476.6 1.3 486.3 4.41 0 0 -0.3

W 2 310519 2.9 88.4 0.8 92.6 3.29 0 0 -0.1

4 315970 8.3 443 1 455.1 6.45 0 0 -0.2

CWR 0.4 313405 5.7 301.6 0.8 309.8 3.36 0 0 -0.2
0.5 313085 5.6 229.8 0.9 237.9 6.42 0 0 -0.2

cP 1.75 329205 6.1 246.7 0.8 2553 4.56 0 0 -0.2

2 297284 5.1 284.7 1 292.4 5.22 0 0 -0.2

Demand DD 314272 53 264.7 0.9 272.5 5.01 0 0 -0.2
SD 312217 6 266.7 0.9 275.2 4,78 0 0 -0.2

Setup costs DF 310215 5.7 268.5 0.9 276.7 5.08 0 0 -0.2
SF 316274 5.6 262.9 0.9 271 4.7 0 0 -0.2

1 313245 5.6 265.7 0.9 273.9 4.89 0 0 -0.2

Inventory 2 312827 5.7 278 0.9 286.5 4.76 0 0 -0.2
inf 311937 5.6 211.3 0.2 219 4.78 0 0 -0.2

Average 313245 5.6 265.7 0.9 273.9 4.89 0 0 -0.2

Table 5.11 — Sensitivity analysis the top-down heuristic, demand splitting only

Del Dem Gap

Parameter Value BUB CPU, CPUs  CPUpgp g)t%} ((}(2 f split split seq
(%) (%) (%)

v 2 311007 5.6 209.7 0.6 216.9 4.47 0 2.9 -0.2

5 311094 5.6 1217.3 0.5 12243 5.94 0 0.1 -0.1

1 178830 1.6 825.5 0.3 828.5 5.33 0 0.7 -0.2

1] 3 297749 4.3 507.5 0.5 513.2 6.04 0 2.4 -0.2

5 456573 10.9 807.4 0.9 820.1 4.26 0 1.5 -0.1

IR| 10 308940 . 54 276.2 0.3 282.2 5.08 0 1.7 -0.1
20 313162 5.8 1150.7 0.8 1159.1 5.33 0 1.3 -0.2

Wi 2 307835 2.8 898.6 0.5 902.1 2.79 0 2.5 -0.1

4 314267 8.4 528.3 0.6 539.1 7.61 0 0.5 -0.2

WR 0.4 311096 5.6 768.3 0.5 775.4 4.6 0 2 -0.1

¢ 0.5 311005 5.6 658.6 0.6 665.8 5.81 0 1 -0.1
cP 1.75 327039 6.1 6727 0.6 680.5 5.07 0 1.5 -0.1

2 295062 5.1 754.2 0.4 760.7 5.34 0 1.5 -0.2

Demand DD 311996 5.3 630.7 0.5 643.5 5.05 0 1.5 -0.2
SD 310105 5.9 790.3 0.5 797.7 5.36 0 1.6 -0.1

Setup costs DF 308045 5.7 686.1 0.5 693.3 5.42 0 1.5 -0.2
SF 314056 5.5 740.8 0.5 748 4.99 0 1.5 -0.1

1 311405 5.6 494 4 0.2 501 5.25 0 0.9 -0.1

Inventory 2 310920 5.6 748.8 0.5 755.9 5.11 0 1.7 -0.1
inf 310828 5.6 897.1 0.9 904.9 5.26 0 2 -0.1

Average 311051 5.6 713.5 0.5 720.6 521 0 1.5 -0.1
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Table 5.12 — Sensitivity analysis the top-down heuristic, delivery splitting only

Del Dem Gap

Parameter Value BUB CPU, CPU3 CPUrsp E%%l (502 ;D split split seq
(%) (%) (%)

v 2 312341 5.5 71.2 0.1 77.6 243 25.7 0 -0.2

5 313711 5.7 142.2 04 149.1 6.84 40.3 0 -0.5

1 180246 1.6 88.6 0.2 90.9 5.8 7.8 0 -0.5

17 3 299882 4.3 90.9 0.2 96.1 491 43 0 -0.3

5 458950 11 140.6 0.5 153 332 48.3 0 -0.2

IR| 10 310235 5.4 47.1 0.1 53.2 5.28 337 0 -0.2
20 315817 5.8 166.3 0.5 173.5 4.02 32.4 0 -0.5

W 2 310215 3 68.2 0.2 72 3.09 38.4 0 -0.3

4 315838 83 145.2 0.4 154.7 6.21 27.6 0 -0.3

CWR 0.4 313168 5.7 100.5 0.3 107.1 3.06 352 0 -0.3
0.5 312884 5.6 1129 0.2 119.5 6.26 30.9 0 -0.3

P 1.75 328983 6.1 114.5 0.5 121.6 4.59 32.8 0 -0.3

¢ 2 297070 5.1 98.9 0.1 105 4.73 332 0 -0.3
Demand DD 313989 5.3 97.1 0.3 103.5 421 32,7 0 -0.3
SD 312064 5.9 116.3 0.3 123.2 5.1 333 0 -0.3

Setup costs DF 310022 5.7 107.8 0.2 114.5 4.64 32.6 0 -0.3
’ SF 316031 5.6 105.6 0.3 112.1 4.68 334 0 -0.3

1 313026 5.6 106.7 0.3 113.3 4.66 33 0 -0.3

Inventory 2 312701 5.7 237.5 0.3 244.6 5.28 31.8 0 -0.4
inf 313026 5.6 106.7 0.3 113.3 4.97 33 0 -0.2

Average 313026 5.6 106.7 0.3 113.3 4.66 33 0 -0.3

Table 5.13 — Sensitivity analysis the top-down heuristic, demand and delivery splitting

Del Dem Gap

Parameter  Valuie | BUB  CPU, CPUs CPUrsp o) %zf split  split  seq
(%) (%) (%)

” 3 33007 57 1376 04 1445 338 !9 07 02

5 313201 57 2355 04 2431 655 334 0  -06

T 179775 16 177 03 1798 568 169 01 07

I 3 299415 42 1741 02 180 555 357 06  -03

5 458623 112 2084 0.6 2222 366 408 03  -02

2 10 300950 54 417 02 477 5435 37 04 01
20 315259 59 3313 06 3403 449 305 03 -07

Wi 3 300875 29 639 04 676 341 367 07 03

4 315333 84 3090 04 3204 651 256 0 03

= 04 [ 312797 57 174 03 1815 372 339 05 04

¢ 0.5 312411 56 199 04 2066 622 283 02  -04
> 75 | 328574 62 1984 04 2067 47 3L1 04 04

¢ 2 296634 52 1746 04 1813 523 312 04 04
- DD | 313481 54 184 04 1012 467 30 03 04
sD | 3117127 6 1899 04 1968 525 323 04  -04

Sempooss  DF | 30059 57 1878 04 1953 509 311 04 04
SF 315609 56 1852 04 1927 483 311 04  -04

T 32719 57 875 02 942 481 N6 03 03

Tnventory 2 312438 56 2037 04 2107 495 321 08  -05
inf | 312655 57 2683 06 2772 513 317 0  -04

Average 312604 57 1865 04 194 496  3L1 04 04
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As illustrated in Table 5.10, when there is no demand splitting, the results obtained
by the top-down heuristic are somehow homogeneous. The only differences that appear
concern the number of retailers and warehouses. Indeed, one can see that with a higher
number of retailers or warehouses, the CPU time tends to increase quickly. This is ex-
plained by the growing size of the different OWMRSs solved in steps 2 and 3. The increase
in the number of warehouses seems to be a setting that affects the solution quality more
than the other parameters. Indeed, when we go from 2 warehouses to 4 warehouses, the
gap with the solution given by our branch-and-cut algorithm goes from 3.41 % to 8.24
%. We can also point out that a lower value of the transportation capacity of the trucks
used at the warehouses has a positive impact on the performance of the top-down heuris-
tic. The gap, the CPU time and solution cost all decrease when we have tighter capacity.
This is explained by a better value of the lower bound in both OWMRs to be solved in
the heuristics. In Table 5.10, the number of trucks and items, and the way the demand
and the setup cots are generated do not seem to have an influence on the results of the
top-down heuristic. The conclusions drawn here also stand for the case where we allow
for delivery splitting only and demand and delivery splitting as illustrated in Tables 5.12
and 5.13, respectively. In those last two cases, we just note that the CPU time taken to
solve instances with tighter production capacity increases.

Similar findings are reported in Table 5.11 when we allow demand splitting only. We
just note that the CPU time taken to solve instances with only 2 warehouses is higher
than when we have 4 warehouses. In such a setting, a tighter capacity, whether at the
production plant or for transportation between the warehouses and the retailers, has a less
positive impact compared to the situation with no splitting at all. This can be seen by the
cost of the solution, the CPU time taken and the gap reported.

Tables 5.14-5.17 report the results of the sensitivity analysis for the bottom-up heuris-
tic. The conclusions drawn on the top-down heuristic for the case where we do not allow
for splitting at all, and where we allow for demand splitting only still stand for the bottom-

up heuristic, as illustrated in Tables 5.14 and 5.15, respectively. For the case with demand
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Table 5.14 — Sensitivity analysis the bottom-up heuristic, no demand nor delivery

splitting
Del Dem Gap
Parameter ~ Value | BUB  CPU; CPU, CPUs g,%l ((3[25 split  split  seq
(%) (%) (%)
> ) 30063 0 736 14 83 23 0 0 12
! 5 314630 0 6459 13 6477 6 0 0 71
I 179318 0 3613 01 3615 55 0 0 73
I 3 207460 0 8581 08 8592 46 0 0o -15
5 455730 0 8297 3.1 8335 23 0 0 2
R 10 300000 0 5028 11 3041 45 0 0 43
20 315609 0 80 1.5 872 37 0 0 36
- 7 310865 0 7117 00 7128 31 0 0 i
4 313762 0 662 17 6643 5 0 0 42
R 04 315363 0 GAl3 14 631 23 0 0 %4
0.5 309341 0 7312 12 7329 53 0 0 -16
pr 75 [ 326335 0 6645 15 6664 33 0 R
2 297853 0 7099 12 714 44 0 0 7
— DD | 31347 0 6834 13 885 4l 0 0 453
sD 311183 0 6903 14 6921 41 0 0 36
Sempooss DT 300280 0 6872 12 6888 43 0 R—
SF 315336 0 6865 14 6383 39 0 0 4
i 310668 0 GAl4 13 6420 Al 0 0 11
Tnventory 2 310668 0 5699 13 5714 41 0 0 -1
inf 315797 0 8589 14 8609 4.1 0 0 57
Average 312378 0 690.1 1.3 691.8 4.1 0 0 -2.6

Table 5.15 — Sensitivity analysis the bottom-up heuristic, demand splitting only

Del Dem Gap

Parameter Value BUB CPU, CPU, CPU4 gorf%} C(}og f split split seq
(%) (%) (%)
vl 2 305025 0 885.8 12 887.1 0.4 76.1 0 -10.9

5 294894 0 1341.7 0.9 1343 1.2 71.1 0 -6.8

1 173768 0 917.6 0.1 917.7 23 40.3 0 -52

17} 3 287573 0 1163.6 0.6 1164.5 0.7 83.9 0 -9.1

5 440903 0 1270.1 2.4 1273 -0.7 96.9 0 -33

R| 10 298462 0 957.6 1 958.8 1.9 74.7 0 -8.2
20 301357 0 1275.3 1 12767 -0.3 72.5 0 -9.5

W 2 301535 0 1098.7 0.9 1099.8 0.7 72.4 0 -8.6

4 298283 0 11335 1.2 1135.1 0.9 74.8 0 -9
CWR 0.4 300806 0 910.3 1.1 911.7 -0.2 71.6 0 -134
0.5 299047 0 1312.9 0.9 1314.1 1.7 754 0 -2.8

P 1.75 315052 0 1203.3 1.1 1204.7 1.4 71.3 0 -5.1
¢ 2 284440 0 1027.2 0.9 1028.4 0.1 759 0 -12.5
Demand DD 302192 0 11074 1 1108.7 0.9 73.6 0 -8.1
SD 297615 0 1124.9 1.1 1126.3 0.7 73.5 0 -9.6
Setup costs DF 296354 0 1117 1 1118.3 0.7 75.6 0 -10.2
SF 303447 0 11152 1.1 1116.6 0.9 71.6 0 -7.7

1 300772 0 1321.5 1 1322.8 0.4 737 0 -23

Inventory 2 297627 0 825.4 1.1 826.7 1 73.3 0 -7.6
inf 301350 0 1200.4 1 1201.7 1 73.8 0 -16

Average 299916 0 1115.7 1 1117.1 0.8 73.6 0 -8.6
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Table 5.16 — Sensitivity analysis the bottom-up heuristic, delivery splitting only

Del Dem Gap

Parameter Vel | BUB CPU; CPU, CPUs o] C("L‘;)P split  split  seq
(%) (%) (%)
- 3 30960 0 5324 135 3534 43 5 33 102

5 309349 0 5032 14 5051 57 0 24 -12

T 180075 0 4378 01 438 66 0 33 37

1] 3 296144 0 5319 08 5329 54 0 25 78

5 453414 0 5832 34 5871 34 0 17 13

A 10 307339 0 2723 13 2138 47 0 )

20 312054 0 7635 16 7655 56 0 08 69

i 7 309901 0 5421 1 5432 33 g pX R

4 310793 0 493.1 19 4954 63 0 23 59
= 04 3074 0 409 15 427 48 9 33 01

¢ 0.5 309230 0 6113 14 613 55 0 22 -1
p 75 [ 325988 0 3338 1.6 3337 5 0 I —
2 293843 0 5009 13 5025 52 0 26 -102

R DD | 310050 0 514 13 3156 3 0 73 57
SD 309334 0 5212 15 523 53 0 23 62

Sewpoows  DF [ 207021 0 504 13 52 34 0 326
SF 313268 0 5147 16 5166 49 0 24 59

1 30004 0 5077 14 5094 3 0 24 14

Inventory 2 310024 0 386.2 14 387.9 5.1 0 2.4 -1.4
inf 310390 0 6651 14 6668 53 0 22 -143

Average 30146 0 5196 14 5214 51 0 33 57

Table 5.17 — Sensitivity analysis the bottom-up heuristic, demand and delivery splitting

Del Dem Gap

Parameter Value BUB CPU, CPU; CPUs rgi)t?jl C(}a//t f split split seq
(%) (%) (%)

vl 2 304034 0 924.8 1.1 926.1 0.8 49.6 2.1 -11

5 300403 0 18424 0.9 1843.7 0.4 79.7 0 -20.1

1 172171 0 1338.9 0.1 1339.1 1.2 38.2 2.1 -13.3

1) 3 287053 0 1487.8 0.6 1488.6 1 73.1 0 -17
5 440770 0 1314.5 2.3 13173 -04 81.1 0 -22.2

R| 10 299349 0 1314.5 1.1 1315.8 1.5 62.9 33 -9.4
20 305200 0 1448.6 1 14499  -04 66.2 1.3 -21.3
W 2 304782 0 13927 0.9 1393.7 0.9 65.4 2.1 -14.9
4 299698 0 1368.5 1.2 1370.1 0.3 63.7 0 -14.9

CWR 0.4 302406 0 1206.1 1.1 12074 03 67.7 2.1 -15
0.5 302056 0 15542 1 1555.5 1.5 61.4 0 -14.8

P 1.75 319049 0 1451.8 1.1 1453.1 1.3 61.1 0 -8.1

¢ 2 284826 0 1306.8 1 1308.1 -0.2 68 2.1 -24
Demand DD 304491 0 1377.9 1 1379.1 0.8 70 33 -14.6
SD 299972 0 1383.2 1.1 1384.5 0.4 59 1.3 -15.3
Setup costs DF 298582 0 1383.6 1 1384.8 0.5 66.2 2.7 -16.7
SF 305883 0 1377.5 1.1 1378.9 0.7 62.9 0.8 -13.6

1 299643 0 1555.5 1 1556.7 0.3 64.3 1.9 -1.8
Inventory 2 307371 0 1163.8 1.1 1165.1 0.6 64.9 1.9 -23.7
inf 299907 0 1409.5 1 1410.8 0.8 64.5 33 -17.6
Average 302307 0 1376.3 1 1377.5 0.6 64.5 2.4 -14.4
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splitting (only or with delivery splitting too), there are some more insights that can also
explain the results already reported in Section 5.6.1. First, the values of the gap are in
general lower than in Tables 5.10-5.15 and the CPU times are larger. Regarding the val-
ues of the gap, there is a clear difference when the number of trucks or items increase.
When the number of trucks decreases, the gap is lower. On the contrary, when the num-
ber of items increases, the gap decreases. This may be explained by a larger use of the
available capacities. With few vehicles and multiple items, the gaps are around 1%, illus-
trating a good performance of the bottom-up heuristic for those values of the parameters.
When the number of retailers or warehouses increases, the values of the gap decreases.
Higher values of those parameters, making in theory the problem harder to solve, leads to
a better performance of the bottom-up approach. Finally, when the transportation capac-
ity gets tighter, the gap decreases, and when the production capacity gets tighter, the gap
increases.

Regarding the splitting possibilities, the results obtained by the top-down approach
do not lead to clear conclusions. Indeed, the cost of the solution obtained is roughly the
same regardless of the splitting possibilities. With the results of the top-down approach,
we cannot identify settings that are more beneficial for demand or delivery splitting only,
both, or none of them. On the contrary, the results of the bottom-up approach highlight
more differences for the cost of the solution depending on the splitting possibilities. In
particular, when the number of available trucks is high, one can take easily advantage
of any splitting possibilities. This is expected since having more vehicles leads to more
flexibility regarding the routes that are constructed. With a high number of items, delivery
splitting only and both delivery and demand splitting lead to solutions of a lower cost
compared to the case where there is no delivery nor demand splitting. It is expected since
the fixed cost for delivery will be shared among more items. Finally, when the production
capacity is tighter, it also leads to situations more beneficial for delivery splitting only or
both delivery and demand splitting. With a tight production capacity, there is also more
gain compared to the cost of a solution obtained by a sequential approach. A similar

situation occurs with no limit on the inventory on hand at the retailer level.
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Table 5.18 — Results of the top-down heuristic for large instances

Delivery Demand Diversification Total GAPBLB  Feas
splitting  splitting strategy BUB  CPUy  CPUs  CPUrsp cpyy (%) (%)

BW 877016 836 2306 2 3331 47.67 95.63

X X CC 876970 843 2306 1 3317 47.53 94.62

CD 875802 820 2153 1 3103 47.42 94.83

BW 860381 475 2950 4 3613 55.61 81.18

X v cC 862310 471 2978 3 3591 55.81 81.42
CD 858604 460 2952 2 3530 55.42 81.7

BW 873358 469 2901 7 3744 46.34 99.58

v X cC 871600 471 2983 5 3723 46.22 99.65

CD 868457 554 2703 3 3394 46.06 99.06

BW 873213 479 2847 10 3669 49.97 99.48

v v ccC 872415 477 2927 11 3663 49.37 98.02

CD 872002 548 2632 9 3364 49.05 99.41

5.6.2 Results on large instances

For the large instances, we consider a number of retailers and warehouses similar to
the ones used in Gruson et al. (2019b). The number of retailers is set equal to 50, 100 or
200 and the number of warehouses is set equal to 5, 10 or 20. The number of time periods
is set equal to 15.

For these large instances, CPLEX could not find any feasible solution within the time
limit of 3 hours, illustrating the difficulty of the problem. We therefore do not report
detailed results obtained with CPLEX directly. We however use the lower bound obtained
in this set of experiments to measure the performance of our approaches. The gap between
this lower bound and the cost of the best solution found by our approaches is given in the
column GAP BLB in Tables 5.18 and 5.19.

Tables 5.18 and 5.19 display the results for the large instances for the top-down and
bottom-up approaches, respectively. In those tables, we further give the number of feasi-
ble solutions obtained, expressed as a proportion of the total number of instances solved,
in the Feas column.

In Table 5.18, one can see that the results obtained with the top-down approach are
disappointing. First, the total CPU time taken is close to the limit we imposed. A closer

look at detailed results indicate that the time limit is actually reached for numerous in-
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Table 5.19 — Results of the bottom-up heuristic for large instances

Delivery  Demand Total GAPBLB  Feas
splitting  splitting BUB  CPUL CPU, CPUs  (py (%) (%)
764532 0 676 840 1729 4221 99.14
647879 0 265 1320 1734 47.68  99.31
588384 0 167 1733 2020 30.15  98.38
612391 0 227 1625 2010 3539  98.75

X

AN N

X
v
v

stances. This is explained by the CPU time taken in Step 3. We note however that our
attempt to reduce the CPU time in Step 2, by identifying tailing-off effect, is successful,
as shown by the values obtained in the CPU, column. Second, the gaps compared to
the lower bound given by CPLEX are large, ranging between 46.06 and 55.68%. Note
however that this is to be taken cautiously since we have no clue about the strength of
the lower bound given by CPLEX. Finally, the number of feasible solutions obtained is
quite low in case we allow for demand splitting only. For those instances where we do
not find a feasible solution, the heuristic actually never leaves Step 2. Note finally that the
diversification strategy has only a very small impact on the results. We just note that the
use of the CD strategy leads to slightly lower CPU times and less expensive solutions, as
for the small instances.

In Table 5.19, one can see that the bottom-up approach is able to find feasible solutions
for almost all instances. This illustrates one strength of the bottom-up approach compared
to CPLEX. The gaps compared to the lower bound given by CPLEX are quite large,
ranging between 30.15 and 47.68%. Again, given that CPLEX did not find any feasible
solution, we cannot be sure that the lower bound we obtained through CPLEX is of good
quality. Finally, the CPU time taken is on average still far from the time limit, illustrating
the fact that the bottom-up approach is quite efficient. We also note that the increase in
CPU time, compared to the small instances, is quite limited.

If we compare the results obtained by the top-down and bottom-up approaches, one
can directly see the higher performance of the bottom-up approach. Indeed, the cost
of the solutions obtained with the bottom-up approach are much lower than the cost of

the solutions obtained with the top-down approach. Regarding the CPU time, again the
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bottom-up approach uses less CPU time than the top-down approach. Finally, the number
of feasible solutions obtained with the bottom-up approach is slightly higher.

Regarding the splitting possibilities, as for the results on the small instances, one can
see that the top-down approach obtains similar costs regardless of the splitting possibil-
ities. On the contrary, the cost of the solutions obtained by the bottom-up approach are
different based on the splitting possibilities. On the large instances, as for the small in-
stances, we are still unable to make a fair comparison of the costs of the solutions with
demand splitting only compared to the costs of the solutions with delivery splitting only.
However, given the relative better performance of the bottom-up approach, we can sus-
pect that delivery splitting only is more beneficial than demand splitting only. This would
indicate that the transportation capacity can be better optimized if we allow retailers to be

visited by several trucks each time period.

5.7 Conclusion

In this paper we have addressed the 3LSRP, an extension of the 3L.SPD introduced
in Gruson et al. (2019a), and of the PRP. We have added production and transportation
capacity constraints to this prior work, along with routing decisions and flexibility in the
assignment of retailers to warehouses. We have designed two heuristics to solve this
problem: a top-down one and a bottom-up one. In the top-down heuristic the production
decisions are the leading decisions while in the bottom-up heuristic the replenishment
decisions at the retailer level are the leading decisions. In both heuristics we decompose
the whole problem into several subproblems that exchange information and are solved
iteratively. Both heuristics comprise intensification and diversification phases. The in-
tensification phase works on improving the routes we construct while the diversification
phase propose new setup plans or new assignment of retailers to warehouses.

To assess the performance of our heuristics we have further developed an exact branch-
and-cut algorithm. This algorithm allows us to obtain optimal solutions on a set of small

instances that are used to measure the performance of the solutions given by our heuris-
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tics. On small instances the heuristics are able to find solution that are on average 5.41
and 4.25% from the optimal plan for the top-down and bottom-up heuristics, respectively.
Those solutions are, however, found in a CPU time lower than the one taken by CPLEX
to obtain the optimal solution. Based on these results we have also tested our heuris-
tics on large instances adapted from Gruson et al. (2019a). On those large instances, our
approaches are able to find much more feasible solutions than CPLEX. The bottom-up
approach obtains a better performance than the top-down approach, in terms of the CPU
time taken and of the quality of the solution.

We have finally considered the possibility of having demand or delivery splitting pos-
sibilities. We have observed that when we give more flexibility, the CPU time taken to
solve those instances tends to get larger. Interestingly, the bottom-up approach seems
more suitable for the settings with demand splitting.

In future research we would like to investigate algorithms that would give us access
to a lower bound. In particular, we could develop heuristics that provide a lower bound
during the search process. We would also like to further explore the possibility of solving

exactly the problem by the use of decomposition methods.
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Conclusion générale

L’intégration des décisions opérationnelles au sein d’une entreprise ou 2 travers la
chaine d’approvisionnement reste un défi tant théorique que pratique. S’il est vrai que la
séparation des décisions permet de mieux définir les roles de chacun et permet de résoudre
des problemes opérationnels a priori moins complexes, il n’en reste pas moins que les bé-
néfices reliés a I’intégration des décisions opérationnelles sont nombreux. Ces bénéfices
sont souvent associés aux bénéfices monétaires, mais ils incluent aussi une meilleure per-
formance opérationnelle, un meilleur niveau de service, une plus grande satisfaction des
clients ou encore une plus grande cohérence entre les différentes décisions.

L objectif de cette these est d’utiliser les techniques de la recherche opérationnelle
pour développer des modeles et algorithmes de résolution permettant de résoudre des
problemes de planification intégrée. Cette these met donc I’emphase sur les gains écono-
miques reli€s a I’intégration des décisions opérationnelles, en minimisant les cofits opé-
rationnels dans les fonctions objectifs des modeles de PMNE développés. Plus en détails
dans notre cas, nous voulons favoriser I’intégration des décisions de production et distri-
bution dans une chafne d’approvisionnement 2 trois niveaux. La principale contribution
de cette these est I’introduction d’un nouveau probléme et le développement de modeles
et algorithmes performants pour résoudre le 3LSPD. Avec le développement de ces mo-

deles et algorithmes, nous réalisons une premigre étape vers 1’étude détaillée du 3LSPD.

Modélisation du probléme

Le premier article de la these se concentre sur la modélisation du 3LSPD. De nom-

breuses formulations de PMNE ont été proposées, avec des propriétés théoriques démon-




trées. Ces propriété€s théoriques ont été confrontées a des performances pratiques. Ainsi,
les formulations les plus fortes ne se sont pas toujours révélées étre les formulations les
plus performantes en pratique, en termes de temps de calcul et de qualité des solutions
obtenues.

Le travail sur ces formulations a servi de base pour les autres articles de la these. Néan-
moins, la contribution de ce premier travail n’est pas uniquement de servir de fondation
a I’ensemble de la these. En proposant des formulations différentes, nos modeéles peuvent
étre directement utilisables dans des contextes différents, voire pour d’autres problémes
que le 3LSPD. Ainsi, I'utilisation d’indices temporels dans les variables de décision per-
mettrait de modéliser des problemes de 3LSPD avec des contraintes de périssabilités des
produits, ou des contraintes de délai de livraison. Du c6té des problémes existants qui
peuvent bénéficier de ce travail, le PRP et I’'IRP sont des candidats potentiels. En effet,
les formulations utilisées dans ce genre de probléme sont souvent des formulations clas-
siques ou de transport. Comme vu dans ce premier article, I’utilisation de formulation
échelon ou de la formulation MCE pourrait étre bénéfique pour les modeles de PRP et
IRP. Dans un méme ordre d’idée, ce travail sur les formulations pourrait &tre bénéfique
pour un cas avec des économies d’échelle, que ce soit au niveau de la production, de la
distribution, ou du stockage. Cette prise en compte amenerait un indice supplémentaire
aux variables utilis€es, pour représenter le niveau de rabais. Les formulations de transport

et réseau ne semblent pas appropriées dans ce cas, au contraire des autres formulations.

Résolution du probléme

Le chapitre 3 ainsi que les second et troisie¢me articles de la thése s’attardent sur la ré-
solution de plusieurs variantes du 3LSPD. Le chapitre 3 porte sur la résolution du 3LSPD
déterministe avec des contraintes de capacité de production. En effet, les résultats du pre-
mier projet ont mis en lumiere I’incapacité du solveur a trouver des solutions faisables ou
optimales en un temps de calcul raisonnable. I1 y avait donc le besoin de développer une

méthode de résolution efficace. A cet effet, nous avons développé un algorithme de sépa-
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ration et génération de colonnes pour résoudre le probléme, 2 partir d’une reformulation
de Dantzig-Wolfe. Si le travail sur les modélisations nous a permis d’identifier des sous-
structures intéressantes, les performances de notre algorithme n’ont pas dépassé celles du
solveur CPLEX, malgré 1’ajout de plusieurs améliorations. Il est & noter que nous avions
€galement réalisé des tests sur une version non capacitaire du 3LSPD, toujours sans suc-
ces. Si les résultats ne sont pas au rendez-vous, ce travail n’en reste pas moins porteurs de
conclusions intéressantes. Pour résoudre exactement une version capacitaire, la séparation
et génération de colonnes ne semble pas étre une méthode & privilégier, la résolution du
probleme maitre étant trop cofiteuse. Toutefois, cette méthode pourrait &tre utilisable pour
une résolution approchée du 3LSPD capacitaire. En effet, les résultats obtenus, en termes
d’€écart par rapport aux solutions d’un solveur, sont honorables. Ainsi, transformer notre
méthode exacte en méthode approchée serait une avenue & explorer, avec une emphase 2
mettre sur le goulot actuel, soit la résolution du probléme maitre.

Le second article de la thése a abordé une version stochastique non capacitaire du
probleme. L’ajout d’incertitude est cohérent avec la réalité des entreprises qui ne peuvent
prédire de maniére exacte la demande des clients. Ainsi, cela remet en question la mo-
délisation effectuée dans le premier projet, et appelle au développement de méthode de
résolution propre a cette version stochastique non capacitaire. C’est le seul projet de la
theése qui incorpore une dose d’incertitude entourant la demande des détaillants, amenant
donc une premiere contribution importante. Pour ce projet encore, ¢’est le travail sur les
formulations qui a permis d’identifier des sous-structures a exploiter dans le cadre d’une
décomposition de Benders. Mé&me avec I’incertitude nous avons pu décomposer notre
probléme, en modélisant cette incertitude via des scénarios de demande. I algorithme de
séparation et coupes développé, fondé sur la décomposition de Benders, a obtenu des per-
formances bien supérieures a celles obtenues par le solveur CPLEX seul, en termes de
temps de calcul et de qualité des solutions obtenues. L’algorithme de résolution de pro-
blemes de flot a cofit minimal que nous avons développé explique en grande partie ce
succes, et apporte donc une contribution scientifique non négligeable. Gréce a cet algo-

rithme nous avons pu obtenir des coupes de Pareto en résolvant un seul probléme, sans
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faire appel & un solveur. Ce gain de temps, combiné & I’efficacité des coupes de Pareto,
rend notre algorithme de séparation et coupes plus que compétitif. Il est intéressant de
noter que cet algorithme fonctionne toujours aussi bien si on inclut la possibilité d’avoir
des ventes perdues.

Enfin, le dernier article s’attaque a une extension du 3LSPD, appelée 3LSRP. Pour
ce dernier projet, nous reléchons plusieurs hypothéses qui étaient présentes dans les trois
premiers projets. En particulier, les détaillants ne sont plus assignés a un unique entre-
pdt. On a ainsi un probléme plus générique a résoudre, qui comporte plus de flexibilité.
De plus, de nombreuses contraintes opérationnelles supplémentaires ont été ajoutées, et
plusieurs hypothéses ont été reldchées comparativement aux autres projets (contraintes
de capacité de production et transport, assignation unique des détaillants aux entrepdts).
La difficulté du probleme qui en découle nous a naturellement orienté vers le dévelop-
pement de méthodes heuristiques. Deux méthodes ont été proposées. La premigre part
des décisions prises a I’usine pour finalement obtenir les décisions de distribution auprés
des détaillants. La seconde procéde en ordre inverse et part des détaillants pour abou-
tir & 'usine de production. Nos heuristiques ont plusieurs avantages. Elles peuvent &tre
facilement adaptées et sont simples. De plus, sur de grandes instances, elles ont été en
mesure d’obtenir des solutions faisables au probléme quand CPLEX n’a pas été en me-
sure de fournir de solutions faisables. Si ces heuristiques fonctionnent en décomposant le
probléme en sous-problémes, ¢’est bien les liens entre ces sous-problémes qui distinguent
nos heuristiques d’une méthode séquentielle qui rendrait inexistante 1’intégration des dé-
cisions opérationnelles. Dans ce dernier projet, nous avons également ajouté de la flexi-
bilit€ dans les livraisons. Cet ajout est une contribution intéressante, la littérature fixant
traditionnellement les visites aux détaillants & un véhicule uniquement. Cette contribution
nous permet de proposer des méthodes de résolution plus propices en fonction des libertés

de livraison offertes.
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Limites de la these

Cette these comporte plusieurs limites. Premieérement, nous n’avons considéré qu’un
seul item dans les trois premier projets. Au niveau de la modélisation, les modeles propo-
sés peuvent facilement étre modifiés pour prendre en compte un item supplémentaire. Les
algorithmes de séparation et génération de colonnes et de séparation et coupes pourraient
également étre modifiables pour prendre en compte plusieurs items. En particulier, notre
algorithme de séparation et coupes, car prenant appui sur la formulation multi-produits
du 3LSPD, ne devrait pas perdre en performance : on garderait la méme décomposabilité
par sous-probleme. Cette limite de I’item unique a été levée dans le dernier article.

Une deuxiéme limite est la non prise en compte de cofits unitaires de production et
de transport. Si cette hypothése est classique dans les problemes de lotissement, on pour-
rait toutefois la reldcher dans nos travaux. Cette hypotese repose sur des cofits fixes de
production et sur le fait que la demande totale est a satisfaire au complet : on obtient
ainsi une constante dans la fonction objectif. Encore une fois, avec la prise en compte
de cofits unitaires de production, la modélisation ne s’en trouverait que peu affectée. Il
n’y a par contre pas d’indice particulier qui nous assurerait des mémes performances pra-
tiques de nos formulations. Dans les algorithmes développés dans les différents articles,
cette prise en compte de cofits unitaire peut se faire également facilement. Concernant
la performance de notre algorithme de séparation et coupes pour le deuxiéme article, il
nous faudrait toutefois ajuster notre algorithme de résolution de probleme de fl6t & cofit
minimal. Cela devrait augmenter un peu les temps de calcul, mais rien ne peut laisser
penser que 1’algorithme proposé perdrait en efficacité. Dans un méme ordre d’idée, on
pourrait reldcher I’hypotheése que les cofits unitaire de stockage sont plus élevés au niveau
des détaillants. La modélisation ne serait pas affectée du tout, ni 1’algorithme de branch-
and-price développé dans le second projet, ni les deux heuristiques développées dans le
dernier projet. En revanche, il faudrait ajuster I’algorithme de résolution du probleme de
flot a coflit minimal développé dans le cadre du troisi€me projet. Le changement serait tou-

tefois mineur car il suffit juste d’identifier les chemins les moins cofiteux dans un graphe.
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Enfin, toujours au niveau des cofits, on pourrait imaginer un cas ol les cofits fixes peuvent
€tre transférés d’une période & 1’autre. Au niveau de la modélisation, toutes les formula-
tions pourraient étre adpatées de la méme maniére en ajoutant des variables d’ouverture
et fermeture. Cela n’aurait pas d’impact sur les méthodes de résolution développées.
Enfin, une derniére limite est le fait que le réseau considéré soit figé dans les différents
travaux, sauf le dernier. La raison derriere cette hypothese rejoint la disposition géogra-
phique des différents sites. Ainsi, certains liens entre entrepdts et détaillants ne sont pas
utiles. Toutefois, en particulier dans un contexte stochastique, il pourrait étre bénéfique
d’ajouter de la flexibilité dans le réseau. Une autre situation qui justifierait I’ajout de cette
flexibilité serait le fait d’avoir des compétences spécifiques dans les différents entrep6ts.

Ainsi, chaque entrepdt pourrait étre responsable d’un type d’item.

Perspectives

A la lumiere des travaux réalisés dans le cadre de cette these, plusieurs avenues de re-
cherche restent encore a explorer. D’abord, les limites mentionnées précédemment pour-
raient €tre utilisées comme point de départ pour des travaux futurs. En particulier, les dif-
férentes hypotheses émises dans les projets pourraient étre relachées, comme nous avons
commenceé a le faire dans le dernier travail de recherche. Ensuite, on pourrait se tourner
vers une chaine d’approvisionnement ayant plusieurs usines de production. Le fait d’avoir
plusieurs usines de production serait cohérent avec la présence de plusieurs items. Dans
un souci d’efficacité opérationnelle et de rentabilisation des ressources, chaque usine se-
rait responsable de la production d’un nombre restreint d’items. Dans cette situation, les
modeles et algorithmes développés dans le cadre de cette thése pourraient servir de point
de départ ou de base de comparaison. Puis, une perspective intéressante serait la prise en
compte de la chaine logistique amont. L’intégration de nos décisions opérationnelles est
en ce moment limitée par I’hypothése que I’on a les ressources nécessaires pour produire
nos produits finis. En incluant des nomenclatures de produit, on ajoute des contraintes

li€es a la disponibilité des composants et matieres premiéres. Dans le but d’intégrer les dé-
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cisions opérationnelles, la prise en compte des décisions de réapprovisionnement aupres
des fournisseurs est une avenue intéressante. Cette avenue est d’autant plus intéressante
qu’elle a des implications théoriques au niveau des problémes d’optimisation a résoudre,
mais aussi des implications pratiques au niveau des liens et des relations avec les fournis-
seurs. Enfin, une derniére perspective serait I’intégration des décisions d’ordonnancement
de production, dans un contexte multi items. Parmi les trois perspectives mentionnées, la
seconde est celle qui me semble étre la plus prometteuse. En effet, I’hypothese d’avoir
un approvisionnement qui va se plier & nos besoins, qui émanent des plans intégrés de
production et distribution, reste une hypothese forte. Avoir la prise en compte de 1’as-
pect fournisseur est ainsi intéressant, surtout dans un contexte d’intégration de la chaine
logistique. Cette perspective de recherche comporte non seulement un potentiel scienti-
fique fort avec de nouveaux problémes classiques de recherche opérationnelle & définir,
mais aussi un potentiel pratique avec une preuve des bénéfices de I’intégration. Ce dernier
point pourrait servir d’argument pour faire travailler ensemble des entreprises différentes.

La principale contribution de ce travail est le développement d’un cadre général pour
I’étude du 3LSPD. D’abord, la variété des formulations de PMNE proposées, notamment
en raison de la variété des variables de décision, permet & nos modeles d’étre utilisables
dans de nombreux cas industriels. Ensuite, 1’algorithme de séparation et coupes déve-
loppé, fond€ sur la décomposition de Benders, s’avere étre trés efficace pour résoudre une
version stochastique du probleme. Enfin, nous avons proposé de mesurer les différences
de coflits qui peuvent exister en fonction des libertés offertes quant aux possibilités de
livraison. Ce dernier point ameéne une contribution nouvelle par rapport aux hypothése
classiquement posées dans la littérature.

Les structures des chaines d’approvisionnement different bien entendu d’une entre-
prise a I'autre et d’une industrie & 1’autre. Malgré tout, par la définition d’un nouevau
probléme en phase avec la réalité des entreprises et par le développement de nouveaux
modeles et algorithmes, nous sommes convaincus que les travaux réalisés dans cette thése

participent a la facilitation de ’intégration des décisions opérationnelles pour les entre-
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prises manufacturieres.
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