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Abstract

We study a class of deterministic two-player nonzero-sum differential games where one player uses
piecewise-continuous controls to affect the continuously evolving state while the other player uses im-
pulse controls at certain discrete instants of time to shift the state from one level to another. The state
measurements are made at some given instants of time, and players determine their strategies using the
last measured state value. We provide necessary and sufficient conditions for the existence of sampled-
data Nash equilibrium for a general class of differential games with impulse controls. We specialize our
results to a scalar linear-quadratic differential game, and show that the equilibrium impulse timing can
be obtained by determining a fixed point of a Riccati like system of differential equations with jumps
coupled with a system of non-linear equality constraints. By reformulating the problem as a constrained
non-linear optimization problem, we compute the equilibrium timing, and level of impulses. We find
that the equilibrium piecewise continuous control and impulse control are linear functions of the last
measured state value. Using a numerical example, we illustrate our results.

1 Introduction

Recently, there has been renewed interest in the study of differential games with impulse controls, where the
state is controlled by two players, with at least one being able to affect the continuously evolving state variable
at certain discrete instants of time only [1, 20]. In such games, the number and timing of interventions besides
their level are also decision variables. Settings where such dynamic interactions arise include option pricing
[18], pollution regulation [20], exchange rate interventions [1], cybersecurity [25], and related problems [2].
Two recent papers that have studied impulse control games are [9] and [14]. In [9], the authors provide
an extension of the two-player stochastic impulse game to an N-player game (N > 2) and also study its
corresponding mean-field game while in [14], a controller-stopper game is studied where one player uses
impulse controls while the other player can stop the game at any time. A solution concept for these games
is the Nash equilibrium, where the strategies of the players use the information that is available to them at
the time when they make their decisions [7]. Nash equilibrium in differential games with impulse controls
have been obtained before under two different information structures, namely, open-loop and perfect-state
feedback information structures. In the open-loop information structure, the equilibrium controls of the
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players are obtained assuming that players have access to only the initial state, whereas with the perfect-
state feedback information structure, players make their decisions using the state measurements at each
instant of time in the game. One limitation of using open-loop strategies is that they are not strongly time-
consistent [7, 8], whereas the feedback equilibrium strategies require state measurements to be made at
each instant of time in the game. In many real-world problems, such as, economic data collected from
the surveys, position of players in pursuit-evasion games, and measuring the quality of goods, acquiring
continuous state measurements is costly. As a result, state information is available to the players at some
(discrete) sampling instants only, and the players determine their sampled-data controls [26, 5], using the
past (time-sampled) state measurements. It appears that Nash equilibrium in differential games with impulse
controls and sampling has not been studied before in the literature.

In [26], the authors have introduced a deterministic two-player nonzero-sum differential game where state
measurement is made at discrete instants of time, and both players use piecewise-continuous strategies. The
sampled-data controls of the players are assumed to be functions of the last measured state value, and players
implement open-loop controls between the sampling instants. The authors showed that the equilibrium of
linear-quadratic differential games can be obtained by solving a system of Riccati equations coupled with a
system of differential equations that determine the terminal conditions on the Riccati equations. Reference
[3] studies a stochastic linear-quadratic differential game where players have access to the sampled-data
state information as well as the sampling times. A time-variant zero-sum linear-quadratic differential game
was studied in [5] where it was shown that the minimax sampled-data controller can be obtained by solving
a generalized Riccati-differential equation. Reference [6] has provided a characterization of the minimax
controller of a switching system with sampled state information. In contrast to the aforementioned research
that deals with piecewise continuous controls, [16] has derived the Nash equilibrium of a class of stochastic
linear-quadratic differential games assuming that the admissible strategies are constant between the state
measurements.

In this paper, we consider a general class of deterministic two-player nonzero-sum differential games
where the two players are endowed with different kinds of controls (discrete and piecewise-continuous). In
particular, Player 1 uses piecewise continuous controls to affect the continuous evolution of the state whereas
Player 2 uses impulse controls to shift the state value instantaneously from one level to another at the impulse
instants that are endogenously determined by Player 2 in addition to the number of impulse instants. The
more general case with both players using continuous and impulse controls can be easily studied using our
model. However, for the application of our work to problems involving regulation and cybersecurity, we
restrict our focus here to the canonical game model with one player using piecewise-continuous controls and
the other player using impulse controls.

The objectives of this research are two-fold: Our first goal is to provide necessary and sufficient con-
ditions for the existence of Nash equilibrium. Our second objective is to specialize our results to scalar
linear-quadratic differential games (LQDGs) which are widely used in economics, engineering and man-
agement science domains (see [7, 22, 8]) as they allow for the possibility of modeling real-world problems
involving non-linear returns to scale.

Our contributions can be summarized as follows:

(i) The paper provides, for the first time, necessary and sufficient conditions for the existence of Nash
equilibrium in a differential game with impulse controls, where the players’ strategies are functions of
the state values measured at certain discrete time instants; see Theorem 1.

(i1) For the case of LQDGs with exogenously given impulse instants, Theorem 2 provides a system of
Riccati like equations with jumps, which characterizes the sampled-data Nash equilibrium.

(iii)) For LQDGs with a given number of impulses in each sampling interval, Theorem 3 shows that the
equilibrium timing of impulses can be obtained as a solution of a system of Riccati equations (with



jumps) provided that the impulse instants satisfy a system of non-linear equality constraints.

The rest of the paper is organized as follows: In Section 2, we introduce the canonical two-player differ-
ential game model. Section 3 provides necessary and sufficient conditions for the existence of sampled-data
Nash equilibrium for the canonical model. In Section 4, we specialize the results to a scalar linear-quadratic
differential game. We illustrate the theoretical results using a numerical example in Section 5. Finally,
Section 6 provides concluding remarks.

2 Model

In this paper, we consider a deterministic two-player differential game of finite duration 7" < oo where both
players can affect a continuously evolving state variable z(t) € R? to maximize their individual payoffs.
However, the two players are equipped with different types of controls. Player 1 can continuously influence
the dynamics of the state variable using her piecewise continuous controls u(t) € €, while Player 2 is able
to intervene and cause jumps in the state variable at certain discrete instants of time 7; (i = 1,2,--- , k).
We assume that €2, is a bounded and convex subset of R”*. When Player 2 does not intervene in the game,
the state variable is continuous and its dynamics are controlled entirely by Player 1 so that the state variable
evolves as follows:

z(t) = f(z(t),u(t)), z(07) = zo, fort # {71, 72, ..., Tk}, (1)

where f : RP x , — RP, the initial value of the state variable is given by xg € RP (a known parameter),

x(7;) = limyr, 2(t), 2(7;7) = limy,, 2(t), and 0~ denotes the time instant just before 0. The state variable
is assumed to be left-continuous at points of discontinuity. At an impulse instant 7;, Player 2 intervenes in

the game to shift the state from 2 (7, ) to z(7;") by using an impulse of size v; € Q,, that is,

x(Ti‘F) —x(r; ) = g(z(r; ), v:), i € {1,2,--- |k}, (2)

where g : R? x €, — RP. We assume that €2, is a bounded and convex subset of RP. The number of
impulses k£ € N (the set of natural numbers), and timing of impulses 7; are decision variables of Player 2 in
addition to the levels of impulses. The impulse controls are denoted by © = {(7;,v;), i = 1,2,--- | k}.

In this differential game, Player 1 attempts to maximize the following objective:

T k
Ji(zo, u(-), 0) = Si(z(T™)) +/0 Fy(a(t), u(t))dt =Y Gi(a(r;), vi), 3)
=1

and Player 2 uses the impulse controls (7;, v;) to maximize the objective

T k
Jo(w0,u(-),5) = Sa(x(T+)) + /0 Fy(w(t), u®))dt — 3 Gala(r), ), 4)
i=1

where Fi, F5 : RP xQ, = R, Gy, G2 : RP xQ, — R, and 51, S : R? — R. For Player 1, F denotes the
running payoff, G; denotes the intervention cost at the impulse instants, and .S; is the terminal payoff. For
Player 2, the running payoff is given by F5, while G2 represents the intervention cost at the impulse instants,
and S7 denotes the terminal payoff.

In a differential game, the Nash equilibrium depends on the state information that the players use to
determine their strategies (see [7], [22]). We assume that the state measurement is made at certain discrete
instants of time ¢,,, n € {1,2,--- , N}, with the corresponding state values denoted by x1, z2,- - , xx such
that 0 =t; <t <--- <tny_1 <ty =T. The sampled-data controls of Player 1 are given by

u(t) = y(t;x(ty)) € Qu, fort, <t <ty 1,ne N’ ={1,2,--- N—1},y€T,



where 7y : [tp, tht1] X RP — Q, is a sampled-data state feedback controller of Player 1 and the strategy set
of Player 1 is denoted by I'. Similarly, the impulse levels of Player 2 are given by

Vim = (S(Tl’n,fﬁ(tn)) S Qv, fOI’tn < Tim < tn+1, n e Nl, b€ A,

where 7; ,, denotes the timing of impulse in the sampling interval (¢,,,t,41), 0 : [tn, tny1] X RP — Q, is a
sampled-data state feedback controller for Player 2 and A denotes the strategy set of Player 2.

The objective functions of the players over the sub-interval [t,,, T, initialized at the sampling instant ¢,,
with the corresponding state x(¢,,) = x,, are given by

Nl ot
TV Ve 17 Ot)) = S1(2(TH)) + ) /t Fi(z(t),y(t;z(ty)))dt

j=n
N-1 Fkj
=) Lo, Ga(a(r), (7 g 2(ty))), (5)
j=n i=1

J+1

N—1 .
T2 (s Ve, 11 Ot 1) = Sa(@(TH)) + > / Fy(a(t), v(E; x(t;)))dt
j=n 71

N—1 k;
- Z Z ]]‘Ti,jztnG2(x(TiTj)’6(Tivj;$(tj)))’ (5b)
j=n i=1
where the strategies 7y, ) and d};, 7 are restrictions of v and ¢ to the interval [t,,, T, and I'j;, 71 and Ay 7

denote the corresponding admissible strategy sets of Player 1 and Player 2, respectively. The state dynamics
are given by

x(t) f(a:(t),’y(t;:cn)), x(tr_L) = Ty, fort, <t < tnt1, t 7& Tim, N € N/a (SC)
w(rh) — (7)) = 9(x(1,,), 6(Tim; &n)), fori € I = {1,2,---  kn}, (5d)

@,n

where k,, denotes the equilibrium number of impulses in the sampling interval [t,,, t,,11].! From (5a)-(5b),
it is clear that each player can influence the payoff of their opponent directly through their controls, and
indirectly by changing the state variable.

Remark 1. The above canonical differential game model (5a-5d) can be used to study problems in cyber-
security and pollution regulation where the state can be the security level of a system for a software firm
or the level of pollution, with the running payoff of one player, say Player 1, decreasing with state and that
of the other player, increasing with state. Player 1 continuously invests in reducing the state except at the
impulse instants wherein Player 2 intervenes in the game to instantaneously shift the state to a higher value.
Consequently, Player I incurs a state-dependent cost at the impulse instant.

Clearly, the admissible controls in the aforementioned real-world applications satisfy the following defini-
tion:

Definition 1. (7;,,,vi,),7 € Z", n € N, is an admissible impulse control of Player 2 if the impulse
instants satisfy the following increasing monotone sequence property:

ty, < Tin <Ton < " < Tgom < tn+1, (6)

where k,, < 00, v, # 0.

'In the paper, the necessary and sufficient conditions are obtained for any finite equilibrium number of impulses. However, in
the case of linear-quadratic games, we fix the number of impulses in each sampling interval (see Section 4).



In the above definition, we have assumed that the impulses cannot occur at the sampling instants as
Player 2 can either measure the state or use her controls, but cannot do both at the same time (see [23] and
the references therein).

In this paper, we seek to determine the sampled-data Nash equilibrium of the differential game (5a-5d),
which is defined as follows:

Definition 2. The strategy profile (v*,0*) is a sampled-data Nash equilibrium of the differential game (5a-
5d), if the restrictions of v* and 6*, denoted by 'y[*tn 7] and 5[*;5” T 10 any subgame that starts at the sampling
time t,, with state measurement x,, satisfy the following inequalities:

(@0, Vi, 17 Ot 1) 2= 1 (@0 Vit 11 Oy 1) VV(tn, 1) € LDt 175 (7a)

J2(Tn, Vi, 17 Ot 1) 2= J2(@ns Vi, 1) Ot 1)) VOlt, 1) € Aty 17 (7b)
Remark 2. The sampled-data Nash equilibrium strategies of the differential game (5a-5d) for t € [0,T]
when restricted to [ty, T are also the Nash equilibrium strategies of the subgame that starts at t,,. As a
result, the sampled-data Nash equilibrium strategies are strongly time-consistent [4] if the perturbation of
state can occur only at the sampling instants t,, n = {1,2,--- ,N}. At all other time instants, that is,
t # ty, the sampled-data Nash equilibrium strategies are weakly time-consistent [4].

Remark 3. When sampling is done at the initial and final time only, then the sampled-data Nash equilibrium
coincides with the open-loop Nash equilibrium of a differential game. It is shown in [26] that the sampled-
data equilibrium controls approach the closed-loop controls as the number of sampling intervals increases.

3 Necessary and Sufficient Conditions

In this section, we derive a set of necessary and sufficient conditions for the existence of sampled-data Nash
equilibrium in differential games with impulse controls.

The approach to determine the sampled-data Nash equilibrium can be summarized as follows. Sup-
pose the sampling instants are given by ¢y, ta,- -+ ,tn. Fort € [t,,tn11), players use open-loop strategies
~v*(t; zy,) and §*(t; zy,), which are functions of the last measured state value x,, that is, for any given ini-
tial state x,,, Player 1 determines the open-loop controls in the sampling interval and Player 2 determines
the equilibrium number, timing, and levels of impulses. The payoff of each player at (¢,,,x(t,)) is a sal-
vage value for the open-loop game between ¢,,_1 and t,,. Therefore, starting from the last sampling interval
[tn—1,T) with salvage values S; and Sy, we can recursively obtain the equilibrium strategies for all the
sampling intervals [t,, t,+1), n € N'.

First, we define the Hamiltonians of the two players that will be used in the necessary conditions for
the existence of sampled-data Nash equilibrium. The continuous Hamiltonians of Player 1 and Player 2 are
given, respectively, by

Hy(z(t), u(t), M(1) = Fy(e(t), u(t) + (&) f(a(),u(t)), (8a)
Hy((t), u(t), Aa(t)) = Fa(e(t), u(t)) + Xa(t) f(a(t), u(t)), (8b)

where A1 (.) and A\o(.) denote the co-states of Player 1 and Player 2, respectively. The impulse Hamiltonian
of Player 2 is given by

Hy (2(), v, A2(t)) = —Ga(a(t),v) + Ao () g((t), v). ©)



Given the strategies, v and 6, the value-to-go functions of Player 1 and Player 2 at the sampling instants
tni1, n € N are given, respectively, by

Viltnr, 2as) = s / RCORTCENY

j=n+1
N—-1 kj
= DD Lnstn Gil@(n) 67 xy)), (10a)
j=n+1i=1
J+1
Va(tn+1, Tnt1) = Z / Y (t;w5))dt
Jj=n+1
—1 k]'
DD st Ga(a(r,), 6(7i g 35)), (10b)
j=n+1 i=1

with Vi(T, z(T')) = S1(x(T)),and Vo (T, z(T")) = Sa2(x(T")). We denote the equilibrium payoffs of Player 1
and Player 2 at ¢,, 1 by V{"(tn+1, Tnt1) and V5 (tn41, Tnt1), respectively which are obtained by substituting
the equilibrium strategies v* and 6* in (10a) and (10b).

To derive a set of necessary conditions for the existence of a Nash equilibrium, we make the following
assumptions:

Assumption 1.  (a) The function f : RP x Q, — RP is Lipschitz continuous in x uniformly in u.

(b) Between the sampling instants, the functions Fy, Fs, G1, Go are continuous, and have continuous
partial derivatives with respect to their arguments.

(c) For all strategies v and 0 of Player 1 and Player 2, respectively, the value-to-go functions Vi and
Vi are continuous, and have continuous partial derivatives with respect to the state at the sampling
: 2
instants.

The following theorem provides a set of necessary conditions for the existence of sampled-data Nash
equilibrium of the differential game (5a-5d).

Theorem 1. Suppose the sampling instants are given by t1,ta, - ;I With0 = 1] < {9 < -+ < Iy =
T, and Assumption 1 holds. Let (v*,6*) be the sampled-data Nash equilibrium of the differential game
described by (5a-5d). Then, there exist piecewise continuous and piecewise differentiable functions A\ (.) and
Xo(.) with M\1(t) € R™ and X2 (t) € R™ such that the following conditions hold for t € [ty tn41),n € N :
The equilibrium control of Player I satisfies

U*(t) = arg max H,y (I‘*(t), u, Al(t)))Vt € T" = {Tik,nv Tf,n? T 77-]2} ,n}' (11&)

UEN, 1

At the impulse instant 7', 1 € I", the equilibrium control of Player 2 satisfies

Z7L’

*
U’L

— arg max Hl (z (70 ) v AT, *+)) (11b)

UGQU

The equilibrium strategies of Player 1 and Player 2 are given, respectively, by ~v*(t;x,) = u*(t),Vt €
[ty tnt1), t & T™ and 5* (T} Vi e I™.

ln’ )_ zn>

?In Section 4, we show directly that the conditions of Assumption 1 are satisfied for the linear-quadratic differential game studied
there.



The maximized Hamiltonian and impulse Hamiltonian functions are given, respectively, by

(@ (6), M (8)) = Ha ((8), u (), A (), Wt & T, (11
Hy (2%(77,), da(0) = Hy (2% (7)), vi Ma(75)), i € T, (11d)
the equilibrium state and co-states satisfy fort & T,
(1) = F@* (0,0 (0), *(ta) = 70, (11¢)
3(0) = ~H, (0" (0, M), M) = P T )]
VP (T, 2(T)) = $1(a*(T)), (af)
(1) = —HR (1), (6, Mo (1)), Aalty) = D2 ot T ltn))
Vi (T, 2(T)) = Sa(a*(T)), (11g)
the jumps in the state and co-state variables satisfy for i € I
e () = (1)) + 9@ (7)) vEn),s (11h)
M) =T + (gala* (757, 05 DM (TEE) — Graa® (), ) (1
Nalr) =) + B (@ (), M), (1)
and the following Hamiltonian continuity condition holds:
Ha( (750), u(r5), A7) = Ha(* (), (7 ), A7), (115

Proof Fort € [tn,tn+1), Player 1 and Player 2 play their open-loop Nash equilibrium strategies,
v*(t; ) and 6 (7 n; r), that depend on the last measured state value x,,. The salvage values of the two
players at ¢, are given by (10a) and (10b).

Given the equilibrium strategy 6*(r, Tins xy,) of Player 2 in the sampling interval [t,,, t,,+1), Player 1 solves
a non-standard optimal control problem given in (7a) due to jumps in the state and the additional cost at the
impulse instant. Suppose Assumption 1 holds. Then, the optimality conditions for Player 1 are given in
(11a), (11e), (111), (11h), (111) (see [21], [25]), with co-state at t,, 1 given by the gradient of the equilibrium
payoff of Player 1 at ¢,,1. Next, for Player 1’s open-loop equilibrium strategy, v*(¢; ) in [ty, tnt1),
Player 2 solves the impulse optimal control problem (7b). The necessary conditions for the existence of the
impulse controls follow from [10], [11], [15], and are given by (11b), (11e), (11h), (11g), (11j), (11k), where
the co-state at ¢, is given by the gradient of the equilibrium payoff of Player 2 at ¢, ;. |

The necessary conditions yield candidates for the sampled-data Nash equilibrium. In each sampling
interval, the players use open-loop Nash equilibrium strategies, and the game is solved using backward
translation starting from the last sampling interval. Consequently, if the sufficient conditions (to be given
next) for the open-loop Nash equilibrium are satisfied in each sampling interval, then the candidate solutions
identified by using the necessary conditions are indeed the sampled-data Nash equilibrium strategies.

A set of sufficient conditions for the existence of sampled-data Nash equilibrium for the differential game
described by (5a-5d) is given as follows:

Proposition 1 (Theorem 3, [25]). Let Assumption I hold. Suppose that in each sampling interval [ty tp+1),n €

N, the initial state is x,,, and there exist feasible solutions (y*(t; xy), 0* (1},,; ©,)) with corresponding state



trajectory x*(.), and co-state trajectories \1(.) and Az (.), such that the conditions given in Theorem I are sat-
isfied. Also, if in each sampling interval, the maximized Hamiltonian H{ (x(t), A1(t)) of Player 1 is concave
in x(t) for all \1(t), the Hamiltonian Hy(x(t),u*(t), A2(t)) of Player 2 is concave in x(t), the value-to-
go functions for Player 1 and Player 2 given by (10a) and (10b) are concave in z(t,11), M\ g(x(t),v) —
G1(x(t),v) is concave in x(t), and the impulse Hamiltonian HX (x(t), v, \2(t)) of Player 2 is jointly concave
in (x(t),v), then (v*, 0"), obtained by concatenating the (open-loop) strategies (v*(t; xn), 6™ (7} ,; ¥n)) for
t € [tn,tnt1), are indeed the sampled-data Nash equilibrium strategies of the differential game described
by (5a-5d).

4 A Scalar Linear-quadratic Differential Game

In this section, we specialize the results in Theorem 1 to a one-dimensional linear-quadratic differential
game with impulse controls, where state measurements are made at the sampling instants t,, n € N =
{1,2,--- N}suchthat 0 =t; <ty <--- <ty =T.

We study the following scalar linear-quadratic differential game with impulse controls (referred to as
iLQDG from here on):

Ti(w0,u(-), 5) = %flx(T)z + s12(T)

]_ tn+1 9 )
+ 9 ; /t (h1z(t)* 4 2wiz(t) + cuu(t)?) dt
N1k
L= 2 _
—(7; d ) 12
1
Ja(zo, u(-), 0) §f2f€(T) + soz(T)
N-1 tn+1 1 N—-1 kn 1
2 2
+ nz:l /tn <2h2$(t) + ng(t)> dt + ; ; 5 CoVins (12b)
i(t) = ax(t) + bu(t), Vt ¢ T, n € N, 2(0) = o, (12¢)
() = 2(77,) + Goig, Vi € T = {1,2,-- kn}, n € N,

where b # 0, g # 0, ¢y, ¢y, < 0, 21, dy < 0, fj, hj < 0, wj, s; > 0, j € {1,2}, and the state at the
sampling instants t1, t2, - - - , ¢ is denoted by x1, 22, -+ , .

As indicated earlier, our objective here is to apply the general results obtained in Section 3 to a specialized
scalar linear-quadratic differential game. Therefore, in the iLQDG (12), we have taken a specific form of the
objective function of Player 2 to be able to obtain semi-analytic solutions for time and state pairs at which
an equilibrium impulse occurs.® This is analogous to the stopping set condition that is obtained with the
feedback information structure in stochastic impulse games with threshold type impulse controls [1]. We
make the following assumptions on the equilibrium controls of the players:

Assumption 2. In each sampling interval, Player 1's strategy space I'|
integrable functions, that is,

tn)ins1) 18 the set of locally square-

tn1
F[tnytn-‘rl) = {u(t) € R? t € [tn7tn+1> ’ / ’U;(t)th < OO} Y (13)
tn

3[25] obtained the Hamiltonian continuity condition for a general class of linear-quadratic differential games under the open-loop
information structure.



and Player 2's controls satisfy Definition 1.

Assumption 3. The controls u(t) of Player 1 and equilibrium impulse levels v; of Player 2 lie in the interior
of the control sets Q,, and §2,,.

4.1 Necessary Conditions

Before considering the case where the number, timing, and levels of impulses are determined by Player 2,
we consider the differential game (12) with exogenously given impulse instants.

Theorem 2. Letty, to,- - - , ty denote the sampling instants, and suppose that Assumptions 2 and 3 hold. Let
the equilibrium impulse instants be given by 7/, Vi € I" = {1,2,--- Jkpt,ne N ={1,2,--- N — 1}.
Then v* and §* given in (15a)-(15b) are the equilibrium strategies of Player 1 and Player 2, respectively,
assuming that the following Riccati equation (14a) has a solution with no finite escape time * in the entire
sampling interval [t,, t, + 1], n € N', and aj, B;, pj, q;, rj for j € {1,2} satisfy the system of equations
(14b)-(14t) below.

fort & T :
2
dl,n(t) = —2a17n(t)a + %al,n(t)Q — hl, OéLN(T) = fl, (142.)
] 2
Brnlt) = Brnlt) (i’oq,na) - a> w1, Y E T Bun(T) = 51, (14b)
2
dzm(t) = —2a27n(t)a + i—ag,n(t)al,n(t) — hg, a27N(T) = fQ, (140)
) 2
Bon(t) = ~fan(t)a+ = Brn(asn(t) — ws, Bon(T) = 52 (144)
aj,ﬂ(thrl) = pj,n+1(tn+1)7 ﬁj,n(tn+1) = Qj,n+1(tn+1)> ] = {17 2}7 (146)
2 2
Bra(®) =~ = 2(0 — ara()pralt) - —asa(® (14
b2 n b2
i) = P00 1) — a1 ®) — @ua@)a — Sara(®)
— w1, (14g)
Pin(tns1) = Pint1(tnt1)s Gin(tng1) = @Gmer(tnsr), J € {1,2}, (14h)
2
pQ,n(t) = —hsy — 2(a - :al,n(t))pZ,n(t)a (141)
b2 ’ b2
G2,n(t) = P2a(t) —Bra(t) — (@ — —a1a(t))g2n(t) — we, (14j)
pin(T) = fj, ¢jn(T) = 55, 7 = {1,2} (14k)
forieIm:
x4\ Coy
N(Ti,n) - Co + 920127”(7_:$)7 (141)
pl,n(Tz‘:) = pl,n(T;:)M(TEZ)Q + 21, (14m)

*If the solution y(t) of a non-linear ordinary differential equation ¥ = f(y,t),4(0) = yo becomes unbounded as t — ¢,
where t. < 00, then t. is called the finite escape time [24, 19]. In [19], it is shown that the Riccati differential equation y(t) =

sy(t)? + 2ay(t) + h, y(T) = qr has a solution for every T' > 0 ifd = a* — hs > 0 and g > %.



aun(rin) = ) (~nGE ) Ban () + aa(mi)) + du, (14n)
arn () = (T () + 21, (140)

ot

Bra(rin) = Bin(rih) — g z}li(gl Zéiiin;:{) ) +dy, (14p)

042,71(7':7:) = M(T;:{)a&n(ﬁt:{)v (149)

Bon(7i ) = 1T Boan (750 (14r)

p2,n(7—z*;) = H(Tzzy (Cvp2 n( ) +9 a2 n( *+)> ) (14s)
’ C

42,n (T”:) = M(T;:)QQ,H (Tz*rf)

+ﬁ2,n(TZ Jeo(—=pa(T 8 ) + gPazn(7])))
(co + g2 a2n( *+>) '

The equilibrium strategies of Player 1 and Player 2, as dictated by the necessary conditions, are given by

(14t)

b g9
Y (ten) = —— (al,n(t)(¢(tﬁfi)(¢( Tinstn )(1 - a2vn(7z’f5)1t>n*,n>xn

U C’U
—hwmwf;t)/%ﬁ ) R b)) + (7)) + Bra®)), (15a)
5 (i n) = = (azn(7l) (6 i)+ 0(ri 1) + Ban(77) ). (15b)
where t € [tn,tni1), Ton = tn, T;;H’n = tpt1, and Vi € {0} UZ™,
. b2
¢(t77—:n) - (a - 70‘1 n(t)> ¢( ) zn) vt e ( Tims z*+1 n) ¢(Ti>fn77-;:n) =1, (162)
t
7 1n (b ’ zn Bln( )thtE(er z+1n) (16b)
d)( z+1 n’ t ) - ¢( H_l n’ Tz*:)¢(Ti*7:7 tn)M(T,:,;), (160)
o(T i+17n’tn) = o(T, :4:1 n’Tz*’rj)so(Tz ;atn)l‘(ﬂf;) (16d)
2
~ L B ()BT o i)+ T s Tk (16¢)

Proof Given the equilibrium control of Player 2, we obtain necessary conditions for iLQDG using
(11a),(11e), (111), (11i). The Hamiltonian of Player 1 is given by

Hi(2(t), u(t), M () = %hlx(t)2 Funa(t) + %cuu(t)z O (8)(az(t) + bu(t)),

where \;(¢) is the co-state of Player 1. Using (11a) and Assumption 3 on interior solutions, the first-order
condition yields

Hyy(2*(t),u™ (), M\ () =0 = u*(t) = —ﬁ)\l(t). 17)

Cy

From (11e) and (11f), the equilibrium state and co-state trajectory at the non-impulse instants evolve as
follows:
b2
& (t) = ax”(t) — —Ai(t), *(tnt1) = Tny, (18)

Cy

10



vy (tny1, " (tny1))

A () = —aMi(t) — hiz* (t) — wi, M(tngr) = i (19)
From (111), the jump in the co-state at the impulse instants is given by
M) = M) + 2 (7)) + di (20)

The Hamiltonian, and the impulse Hamiltonian of Player 2 are given by
1
Ha(a(0),u(t), 2a(t)) = 5haa(t)? +wa(t) + Aa(t) (a(t) + b)),
1
Hi(vi, Mo (1)) = §cvvi2 + )\Q(T;rn)gvi,

where A2 (t) is the co-state of Player 2. From (11g), we obtain the dynamics of the co-state of Player 2 at the
non-impulse instants as follows:

Ao(t) = —ada(t) — hox(t) — wa, Yt € (tn,tni1), n € N7,
OV (tnt1, Ty y1)
Ox '

The co-state is equal to the gradient of the value function of Player 2 at the sampling instants because of our
assumption that there are no impulses at the sampling instants.

Player 2’s objective is quadratic in state, and thus we can guess the form of corresponding co-state to be
linear in state, that is,

A2(tny1) = (21)

Ao (t) = g ()z* (t) + Bon(t), VE € [tn, tni1), n € N. (22)

Taking the derivative of (22) with respect to time and using the derivatives of state and co-state from (18)
and (21), we arrive at

—a(aon(t)x™(t) + Bon(t)) — hoz™(t) — wa = dapn(t)x™ (1)
2 .
+aanlt) (40°(0) = @0 () + Bun(e) ) + Fanlt)

Cu

Upon comparing the coefficients, we obtain (14c) and (14d). From (21), we obtain,

Vg (bny1, 77 41)
oz

Using the necessary condition (11b) and Assumption 3 on interior impulse levels, the first-order condition
yields

a2,n(tn+1>x*(tn+1) + B2,n(tn+1) =

Hg, (00, Aa(70)) = 0 = o7, = —CEM(T;;), VieI',ne N (23)

2,Mm)
v
Since v}, are the equilibrium impulse levels, it follows from (11h) that the jump in the state is given by

2
T () = 2t — %AQ(T;;), VieI',ne N, 24)
v

and from (11j), we have that the co-state of Player 2 is continuous, that is

A7) = Xa(70), Vi € T n e N. (25)

,n

11



We substitute (22) in (25) to obtain
a2,n(7';;)95*(7';;) + 52,71(7';;) = a2n(7'z*7f)33*(7}*7t) + ﬁ2,n(7';;r)- (26)
Next, we substitute (24) in the above equation to obtain
a2,n(7':77)$*(7':;) + 62,11(7':77) = B2 (Tz*:zr)
+ 0‘2%(7:;:) (ﬂﬁk;) - ij(azn(ﬁ’t;)x(ﬁ*_) + 5271(71*;))) .

The above equation holds for all z, thus leading to (14q) and (14r).
Given that the objective of Player 1 is quadratic in state, we can guess the form of corresponding co-state
also to be linear in the state, so that

AL(t) = ar ()™ (t) + Bra(t), VE € [tn, tng1), n € N, (27)
We substitute (27) in (20) to obtain the following relation at the impulse instants:

arn (7, )2 (7,) + Bin(T,)
—Oéln( *+)$*( z*:)_‘_ﬁln(zn)—i_zlx( )+d1
2

= ara(r) (@ (77 - Z—(aznm*;)x(n*;) + Ban(7iy)

(Y

+2’133( )+d1+61n( )

Upon comparing the coefficients, we obtain (140) and (14p).
Taking the derivative of (27) with respect to time and using the derivatives of state and co-state from (18)
and (19), we obtain

— a0 (B)7* (1) + Bun(t)) — haz*(t) — wy

b? .
= dun(D)27(t) + a1n(t) <a:v*(t) — —(a1a(t)z*(t) + Bl,n(t))) + Bin(t).

Cu

Upon comparing the coefficients, we obtain (14a) and (14b), where oy, (tn41)x(tnt1) + Bin(tht1) =

W. The value-to-go for Player 1 is given by

ks
Vi(tn, zn) Z ( (/ . (h 12(1)% + 2wy z(t) + cuu(t)z) dt)

Z’!L

+1zlm( D diari)) + Vil Za ), (8)

where 7',;‘7*1 41 := tny1. Next, we know that for all z,

L (épmu (1 + pra(t)e <>fc<t>+ql,n<t>x<t>+ql,n<t>¢<t>+h,n<t>) di

7,71

1

- *pl,n(t)x(tﬁ

5 ”“‘fOzEZ”nEN/

:Z*Tn — a1 (t)z(t) :Z:Ll’n = r1,n(t)
,n i,n

12



Substituting & (t) = ax(t)+bu(t) in the above equation, adding it to (28), and using u*(¢) = — % (o (t)x*(t)+
B1.n(t)), we obtain the equilibrium value-to-go for Player 1. Since the equilibrium control maximizes the
value-to-go for Player 1, (141)-(14g), (14m)-(14n) and the following conditions hold for all n € N”:
b? 9
Tn(t) = o (q1n(t)Brn(t) = Brn(®)?) , VEE T, T1n(tns1) = 7141 (tns1),

(7

9*Ba(7/ 1 )
- 2\7, +1
Tl:n(Tiil,n) = rlv”( ;i:»l n) - ( + : Z—&- )) (q1,n( :—:rl n)

g 062n( z+1n

g CUBQ( Tit1, n)pl n( z—:_l n)>
2( +g a2n( z—:_l n)) 7

where pi, ¢ and r; are continuous at the sampling instants because there are no impulses at the sampling
instants (see Definition 1). Therefore, the equilibrium value-to-go is given by

1
Vl*(tTw xn) = ipl,n(tn)l'?—b + q1,n(tn)$n + Tl,n(tn)v Vn € N/~ (29)

The value-to-go for Player 2 is given by

kn
%(tnyxn) = Z (

1=0

Titln 1 9 1 9
N waz(t) + §h2$(t) dt + 360 Vik1n + Va(tns1, Tnti)- (30)

Ti,n

For all x, we have

/ml,n (;pQ,n(t)x(t)Q + P2 ()& () + o (£)2(E) + q2n(t)i(t) + 7'“27n(t)> dt

+
1 T T T .
—5192,,1(75)56(t)2 T = @ea®z)] T = rap(t)| =0, Vi€ I ne N

Substituting 4(t) = az(t)+bu*(t) in the above equation, adding it to (30) and using the equilibrium controls
(T vf n) i € I" n € N’ yields the equilibrium value-to-go. Taking u*(t) as given, the equilibrium
control of Player 2 maximizes the value-to-go for Player 2 for all x, so that (14i)-(14j), (14s)-(14t), and the

following relations hold:

. p? §
Ton(t) = QQ,n(t)?ﬁl,n(t)a VE g T, ron(tnsr) = 1ron+1(tns1), ron(T) =0,

g ﬂ2 n( )2
*— _ *+ Z-‘rl n ( )
7o (T = + +c
27n( z+1,n) 2771( i+1, n) 2(Cv tg a?,n(ﬁ:—_"i,n)) D2 n( Tit1, n)g v
g2q27n<7—i*—&—-i_1,n>ﬁ27n( :i:_l n) . n
— 5 T , VieI",
o + g (7 )
and the value-to-go is given by
N 1
V2 (tna xn) = *W,n(%)ﬂfi + q2,n(tn)xn + T2,n(tn)7 Vn € Nl- (31)

2

Since the co-state is equal to the gradient of value function at the sampling instants (see (21)), we have

@20 (tn41)Tnt1 + Bon(tni1) = P21 (tnt1)Tns1 + @1 (tngr), Yn € N,

13



Since the above relation holds for all «,,, we obtain aea p, (tr41) = P2.n+1(tnt1) and B (tn+1) = g2n41(tnt1)-
Using (27) in (18), we obtain

v v
(1) = <a - Calm(t)) 2 (t) = —Bra(t) (32)
= 2 (17) = (T tn)n + (71, ), (33)

where (16a)—(16¢) hold and 7y 1,5, := t;41. Define

X (1,) = o7, tn)on + (7], ta), Vi =T", (34a)
(T 0) = (T e t) T + 0(T5 s tn), Vi= T\ {kn}. (34b)

From (32), we obtain

x*(Titr_l,n) = ¢( 'L*+_1 n’Tz*:L_)x ( )+ 4,0( z+1 T'L’T’L*T_:,_)
2
* K[ k— g *— *
- ¢( z+1 n’ z:)(x (Ti,n) - <C¥2,n(7'2-’n).%'*< zn) +62n( zn))) +¢P( l+1?’L7T'L1’J;,_)

Cy
2

— O T ><1 N —— >)xn o)

Cy

Cy

92 *— *— *+ 92 *—
L )T T0) O T ><1—a2n< >).

Upon comparing with (34b), we obtain

2
¢(Tﬁ1,n7tn) = ‘75(75:1,11» Tz’f:)qﬁ( i nvtn) (1 - 9*0@ (T, *_)>,

&)

2
*— *— * *— g *—
¢(Ti+1,n7tn) = ¢(Ti+1,nv7—z‘,z)90( i tn )<1 - 0‘27n(Ti,n))

Cy
g *— — 4
_aﬁln(Ti,n)(b( i+1,n° 'Ln) + (P( z+1 n’Tln)

The equilibrium state evolves according to the following equation:

2
£(t) = B(t,75,) ({0 ><1—9a2n<m>nt>f )

Cy
2

~Tisrz, S(Ti0 s tn > Brn(Ti) (i s ) ()
vt € (1, Z+1n)Z€InU{O}n€N/ (35)

where 73, := 0. Then, from (17) and (23), the equilibrium strategies of Player 1 and Player 2 are given by
(15a) and (15b), respectively. |

Remark 4. Even when the timing of impulses is given, the system of Riccati equations (14a) for Player
1 defined in each sampling interval [t,,t,11] differs from the corresponding system obtained in classical
differential games [26] because 1 (-) also jumps due to the interventions by Player 2 in addition to the
update in o (+) at the sampling instants.

The above theorem characterizes the equilibrium with exogenously given impulse instants. If the num-
ber and timing of impulses are determined by Player 2, the impulse instants must satisfy the Hamiltonian
continuity condition (11k) in addition to (14a)—(14t).

14



Theorem 3. Suppose that tq, to,- - ,tn are the sampling instants, and Assumptions 2 and 3 hold. Then
7 1 € I n € N' are the equilibrium impulse instants if
x(T;:n) - ¢(T:7_L7 tn)$n + (p(T:;7 t”)

Cu92(92h2 - 2cva)ﬁ2(7—i*;) + 20v<cvb2d1 — w2g2cu)
= : 0 (36a)
2(cyeuhag? — b2c3z1) — cug®(g2he — 2cpa)as(T],))

where ¢ and ¢ satisfy (16a)-(16e), and the Riccati equation (14a) has no finite escape time in the entire
sampling interval [t,, t, 1], n € N.

Proof From the continuity condition (11k) on the Hamiltonian and using (17), (20), (27), (24), and (25),
we obtain

Cug2(92h2 — 2cva))\2(7';;)2 + 20v(cvb2d1 — wgg2cu))\2(7—;;)

+ 2/\2(7':;)(b2012)21 — cvcuhgg2)x(7';j;) =0.

Xo(7) = 0 implies that the equilibrium impulse level is zero. From Definition 1, v}, cannot be equal to
zero if 7, is an admissible impulse instant. Thus, an impulse occurs if

Cu92(92h2 - 201104)52(7_;:7;) + 2Cv(cvb2d1 - w2920u)
2(cycyhag? — b2c221) — cug?(ghg — QCUCL)OQ(T;:;) '

{E(TZ*T:) =

On substituting (34a) in the above equation, we arrive at (36a). |

Remark 5. An impulse occurs at equilibrium whenever the state trajectory intersects the time varying func-
tion £(t), given by

Cu92(92h2 - 2Cva)ﬁ2(t_) + QCv(vale - w2926u)
2(cyeuhog? — b2c221) — cug?(g2ha — 2cpa)as(t=)

§t7) =

4.2 Non-linear Optimization

Let 71,5, T2, - * » Tky,,n denote the admissible impulse instants for a given number of impulses, &y, in each
sampling interval [t,,t,+1), n € N’. From Definition 1, we have

Tin <T2n < < Tk,n-

The above strict ordering can be represented as

D,t, <0, (37
where
1 -1 0 0 O
0 1 -1 --- 0 0 Tn
D,:=1. L o , Tn = : ,Vn e N'.
S : A -
000 0 1 =1, n

At the equilibrium impulse instants, the Hamiltonian continuity condition (36a) holds for the iLQDG
formulated by (12). The equilibrium impulse instants are obtained by finding the fixed-point solution of
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the Riccati like system of equations (14a)—(14t) and the system of non-linear equality constraints (36a).
Alternatively, this problem can be viewed as the following constrained non-linear optimization problem:

N—-1 kn

argmin Z Z (x(TZ_n) - 5(7'1»7_”))2 (38a)

{Tnlnenr  n=1 i=1
subjectto  1.(t, + ) < 7 < L.(tpe1 — 5) Vn e N’ (38b)
Dp1, < —1.s Vn e N, (38c¢)

where s > 0 is a slack variable, and

5( . ) Cug2(92h2 - QCva)B2(Ti,_n) + 2Cv(cvb2d1 — ’LU292CU)
Tin =

. 38d
’ 2(cveuhag? — b2 c3z1) — cug®(g2he — 2cpa)as(T;,) (38d)

The above problem can be solved using interior point algorithms [13] or sequential quadratic program-
ming methods [12].

Remark 6. If there are no cross terms between the state and control variables and the players’ objectives
and state dynamics are linear in the state, then the resulting class of linear-in-the-state differential games
with impulse controls can be shown to be degenerate, that is, Player 2's impulse optimal control problem
is decoupled from Player 1's optimization problem. For non-degenerate linear-in-the-state games, the non-
linear optimization procedure in Section 4.2 can be used to numerically compute the equilibrium.

5 A Numerical Example

In this section, we illustrate the theory developed in the previous two sections using a numerical example.

Consider a dynamic game with scalar linear dynamics, and with time horizon 7' = 20. Player 1 uses
piecewise continuous sampled-data state feedback controls while Player 2 uses impulse controls. The state
measurements are made at three instants of time, that is, ¢t; = 0, to = 10, t3 = 20. Player 1 and Player 2
maximize their respective objective functions

2
1 (w0, u(-), §) = 2(20)(10 — 2(20)) — Z/t (2(8)>—102(t) + 2.5u(t)?) dt

2
- Z 0.25z (7, )?
n=1
2

2t
Taao, u(),9) = ~20(20 = Y [ a(0Par - 3ok,
n=1"%n

n=1

and the state dynamics are given by

z(t) = —0.1z(t) + 0.4u(t), t € {11, 72}, (0) =5,
z(r;") = (1,7 )—0.2v;, i € {1,2}.

(]

First, we analyze the case where the impulses are periodic, that is, 71 = 5 and 79 = 15. The equilibrium
control of Player 1, given in Figure 1(a), jumps at the impulse instants because of the jump in her co-state
caused by the impulse control of Player 2. The state trajectory, and the equilibrium impulse levels of Player
2 are shown in Figure 1(b). At equilibrium, Player 1 incurs a loss of 518.51, while Player 2 incurs a loss of
96.54.
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Figure 1: Equilibrium controls, and state trajectory with periodic impulses.
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Figure 2: Equilibrium candidate controls, and state and co-state trajectories.



Table 1: Equilibrium payoff of Player 1 and Player 2 for varying numbers of impulses in each sampling interval.

Different cases # Impulses  Impulse instants Payoffs
(k1 ko) * i J
(1,1) {5,15} -518.51 -96.54
Periodic impulses (1,0) 5 -525.67 -158.06
(0,1) 15 -52.47  -224.67
(1,1) {4.20,14.60} -553.20 -73.38
Endogenous impulses (1,0) 7.09 -338.74  -226.59
(0,1) 14.56 -114.33  -212.30
No impulses (0,0) - 126.94 --396.18
k1 and k2 denote the number of impulses in the sampling intervals (0, 10) and (10, 20),

respectively.

Next, we determine the equilibrium when the impulse instants in each sampling interval are determined
by Player 2, and there is only one impulse in each sampling interval. The impulse timing is characterized by
the Hamiltonian continuity condition (11Kk).

The (candidate) equilibrium impulses occur at 7" = 4.20 and 75 = 14.60, and at equilibrium, the losses
of Player 1 and Player 2 are given by 553.20 and 73.38, respectively when Player 2 applies one impulse
in each sampling interval. The piecewise continuous equilibrium control of Player 1 is shown in Figure
2(a) and equilibrium impulse levels of Player 2 are shown in Figure 2(b). Since the sufficient conditions in
Proposition 1 hold for Player 2, the candidates indeed constitute Nash equilibrium. In Table 1, we consider
periodic impulses, endogenous impulse timings, as well as no impulses in the game. It can also be seen in
Table 1 that the equilibrium payoff of Player 2 is the highest if she decides on the number and timing of the
impulses, applying them at 7 = 4.20 and 75 = 14.60.

6 Conclusions

In this paper, we have derived necessary and sufficient conditions for the existence of sampled-data Nash
equilibrium in a general class of two-player nonzero-sum differential games with impulse controls, where
only one of the players controls the impulses (their number, timing, and magnitudes). For a special case of
differential games with scalar linear state dynamics and general quadratic objective functions for the players,
we have shown that the sampled-data Nash equilibrium can be obtained by determining the fixed point of a
system of Riccati like equations with jumps coupled with non-linear equality constraints. We have further
shown for the same class of differential games that the piecewise continuous equilibrium control of Player 1
and equilibrium impulse control of Player 2 are linear in the most recently measured state value, and provide
a numerical procedure to determine the equilibrium strategies.

For the future, it would be interesting to apply our results to case studies in pollution regulation, exchange
rate interventions, and cybersecurity. One extension of our work would be to differential games where both
players use continuous as well as impulse controls. Another extension would be to differential games with
more than two players, and particularly in the high population regime.
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